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Out-of-equilibrium chiral magnetic effect at strong coupling†

S. Lin ∗1 and H-U. Yee∗1,∗2

The chiral magnetic effect in relativistic heavy-ion
collisions has been proposed as a signature of local
parity violation in QCD above deconfinement phase
transition1). The manifestation of the chiral magnetic
effect requires both a strong magnetic field and chi-
ral imbalance in fundamental quarks. Despite con-
tinuous theoretical efforts in understanding the effect,
many quantitative questions remain unanswered. One
of them is the value of the chiral magnetic conduc-
tivity, which is complicated by the fact that the mag-
netic field produced by the spectators exists only at the
early stage of the collisions, when quark-gluon plasma
(QGP) is not yet thermalized. An accurate calculation
of the chiral magnetic conductivity should be carried
out for QGP in an out-of-equilibrium setting. In this
work, we report on our attempt in this direction

We considered chirally imbalanced QGP undergoing
thermalization. It can be modeled by a gravitationally
collapsing shell in 5D Anti-de Sitter (AdS) space. The
shell carries an axial charge density, described by an
axial chemical potential µA. The end point of the grav-
itational collapse is the formation of the AdS-Reissner-
Nordstrom (AdS-RN) black hole, which is dual to QGP
with an axial charge density. The central quantity is
the chiral magnetic conductivity in the thermalization
process. It is defined for at finite frequencies as the re-
sponse of the vector current to the external magnetic
field

�JEM = σχ(ω) �B(ω). (1)

This is to be evaluated at different times in the ther-
malization history. Note that (1) assumes the current
response is much faster than the evolution of QGP
toward equilibrium, which is not true in the near-
equilibrium regime. We restricted our study to the far-
from equilibrium regime. We obtained the chiral mag-
netic conductivity for different frequencies in Fig. 1.
The end point QGP has a temperature T = 300 MeV
and an axial chemical potential µA = 50 MeV. We
found that in general the chiral magnetic conductivity
increases as QGP thermalizes, which is consistent with
the expectation that more and more thermalized con-
stituents are available in conducting the current. We
also found that the magnitude of conductivity changes
only slightly as the frequency of the magnetic field is
varied, while increasing the frequency does results in
longer delay in the response. We stress that the con-
ventional conductivity has the opposite behavior.

We also studied the chiral magnetic wave in the same
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Fig. 1. The chiral magnetic conductivity as a function

of thermalization history for frequencies ω = 200

MeV(blue solid), ω = 300 MeV(red dashed) and ω =

400 MeV(green dotted). The left plot shows the mag-

nitude normalized by chiral magnetic conductivity in

equilibrium and the right plot shows the time delay of

the response.

thermalization model for QGP with vanishing axial
charge density. The chiral magnetic wave rises from a
coupled fluctuation of the axial and vector charges in
the presence of a background magnetic field. In equi-
librium, it has the dispersion ω = ∓vχk, with the wave
velocity proportional to the magnetic field and the ve-
locity changes sign when the chirality of the charge is
reversed2). We found that the dispersion relation is
modified to

ω = voutk ∓∆ω(k,B). (2)

We see that the frequency splits into two terms: The
first term is entirely of off-equilibrium origin: the wave
velocity vout vanishes as QGP thermalizes; It is also
independent of the chirality of the charge. The second
term depends on the chirality, and it is linear in both
k and B. It is reminiscent of chiral magnetic wave
velocity in equilibrium. This shows that the physical
effect of the chiral magnetic wave may be enhanced
owing to the out-of-equilibrium effect.
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General conditions ensuring relativistic causality in an effective field

theory based on the derivative expansion†

Y. Minami∗1 and Y. Hidaka∗1

We discuss the general conditions ensuring relativis-
tic causality in an effective field theory based on the
derivative expansion. Relativistic causality implies
that the Green function vanishes in a space-like re-
gion. It is known that a naive derivative expansion
violates causality in some cases such as the first-order
relativistic dissipative hydrodynamics. We note that
the Lorentz covariance and time and space derivatives
of equal order do not ensure causality. We derive the
general conditions for causality that should be satisfied
by any effective theory consistent with special relativ-
ity.
Derivative expansion is a useful tool at a low-energy

scale and widely used in effective theories. Chiral
perturbation theory is a good example of a success-
ful low-energy effective theory in hadron physics1).
From a modern perspective, hydrodynamics is also a
low-enegy effective theory; the leading-order hydrody-
namic equations are called Euler equations, and the
first-order hydrodynamic equations are called Navier–
Stokes equations.
Causality is an important concept in physics. In rel-

ativistic systems, the propagation of any information
cannot exceed the speed of light (relativistic causality).
However, it seems that a low-energy effective theory
in medium is incompatible with relativistic causality.
For example, in first-order relativistic hydrodynamics,
shear and heat flows violate causality because the first-
order equation has the form of a diffusion equation2,3).
We note that the first-order hydrodynamic equation is
Lorentz covariant, i.e., the covariance does not ensure
the causality. It is argued that the acausality of the
first-order hydrodynamics originates from the differ-
ence between the order of time- and space-like deriva-
tives in the equation of motion. In the diffusion equa-
tion, the time-like derivative is of the first order, while
the space-like one is of the second order. However, we
note that equality in the order of time- and space-like
derivatives does not ensure the causality. For example,
let us consider the following equation:

[
τ(uµ∂µ)

2+uµ∂µ+Γ(ηµν−uµuν)∂µ∂ν

]
n(xµ) = 0,(1)

where n(x) is a scalar density, uµ is a constant time-
like vector, η = diag(−1, 1, 1, 1),τ is the relaxation
time, and Γ is the diffusion constant. In this equa-
tion, the time-like derivative is of the same order as
the space-like one. This equation has the form of
the telegraphic equation such that the propagation is
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restricted in the region defined by vxt > xs, where
v =

√
Γ/τ , xt = u·x, and xs =

√
−(ηµν − uµuν)xµxν .

If Γ < τ , causality is satisfied because the velocity is
smaller than the speed of light, i.e., v < 13). However,
if Γ > τ , the propagation speed exceeds the speed of
light. Furthermore, if Γ = 0, causality is not violated
even though the order of the time and space deriva-
tives are different. Therefore, the equal order of space
and time derivatives in the equation of motion does
not ensure in itself that the Green function is causal.
What ensures the causality in general?
The purpose of this paper is to derive the condi-

tions ensuring relativistic causality in an effective the-
ory based on the derivative expansion. We will con-
sider the retarded Green function in a scalar theory at
tree level, i.e., thermal and quantum fluctuations will
not be taken into account. In this case, the retarded
Green function in the derivative expansion is generally
written as a rational function in the momentum space:

GR(ω, k) =
Q(ω, k)

P (ω, k)
, (2)

where P (ω, k) and Q(ω, k) are polynomials in ω and
k:

P (ω, k)= pn(k)ω
n + pn−1(k)ω

n−1 + ...+ p0(k), (3)

Q(ω, k)= qm(k)ωm + qm−1(k)ω
n−1 + ...+ q0(k). (4)

Here, n > m, and pj(k) and qj(k) are the polynomials
in k. Because we assumed isotropy, the Green function
turns becomes a function of k ≡ |k|. The relativis-
tic causality implies that the retarded Green function
must vanish in the space-like region. Therefore, we de-
rive the general condition ensuring Eq. (2) vanishes in
the space-region, which is given by

lim
k→∞

∣∣∣∣Re
ω(k)

k

∣∣∣∣ < 1 and lim
k→∞

∣∣∣∣Im
ω(k)

k

∣∣∣∣ < ∞, (5)

and the condition that pn(k) must not depend on k.
Here, ω(k) is a pole of Eq. (2). These conditions ensure
causality in effective theories based on the derivative
expansion, and they are the main results of our paper.
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