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Notes on the enhancement of flavor symmetry and 5d
superconformal index†

M. Taki∗1

Perturbative renormalizability has been a criterion
for the predictable quantum field theory. Needless to
say, this is because renormalization removes ultravi-
olet (UV) divergences from Feynman diagram, giv-
ing a meaningful finite value to a physical quantity.
While an effective theory is permitted to include non-
renormalizable interactions, this criterion must be sat-
isfied by a fundamental theory without any cut-off
scale, and it excludes many models of the quantum
field theory. The renormalizable theories, however, do
not exhaust all possibilities.

A quantum theory endowed with a UV fixed point
is well defined and valid at the whole energy scale.
This possibility is known as the Weinberg asymptotic
safety scenario1), which perhaps preserves the non-
renormalizability of the perturbative quantum gravity.
This scenario is also very attractive because a renor-
malizable but asymptotically non-free theory such as
pure QED involves the Landau pole, and the conver-
gence radius of the perturbation becomes zero accord-
ing to popular opinion. By assuming the existence of
the UV fixed point, we can avoid such a theoretical
inconsistency included in perturbative quantum field
theory.

UV fixed point is a very important notion in the
quantum field theory, but it is very difficult in general
to determine whether a theory has a UV fixed point.
5d minimal supersymmetric gauge theories are typical
and attractive exceptions to circumvent this difficulty.
Perturbative five-dimensional gauge theories are non-
renormalizable, but Seiberg2) showed that perturba-
tive description breaks down at high energy but some
of these theories flow up to a strongly coupling, non-
Gaussian, UV fixed point. SU(2) gauge theory with
Nf = 0, 1, · · · , 7 fundamental flavors provides a con-
crete example3,4). The flavor symmetry of this gauge
theory is SO(2Nf )×U(1)I , where U(1)I is associated
with the instanton current J = ∗TrF ∧ F . The UV
fixed point is described by a strongly coupled confor-
mal field theory. At this fixed point, the flavor symme-
try is expected to enhance to the larger group ENf +1:
E1 = SU(2), E2 = SU(2)×U(1), E3 = SU(3)×SU(2),
E4 = SU(5), E5 = SO(10), and E6,7,8 are the usual
exceptional Lie groups.

This enhancement of the flavor symmetries was con-
jectured by employing superstring theory2), and so far
it has not been easy to show this enhancement based
only on field theory arguments. This is because the UV
fixed point theories in question are strongly coupled,
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and it has prevented us from verifying this conjecture
directly. Fortunately, with recent progress in the the-
ories of localization and the superconformal index, we
can discuss the strongly coupled fixed point theories
quantitatively by evaluating the protected indexes of
these theories5). The 5d superconformal index is the
following extended version of the Witten index:

I5d(u, zf , · · ·) = TrH 1
8 BPS

(−1)F uk
∏
f

z
Hf

f · · · .

Here k is the U(1) charge with respect to the instan-
ton current, and Hf is a Cartan generator of the flavor
symmetry. u and zf are the fugacities for these sym-
metries. In this paper, we study the detailed structure
of the superconformal index, and we provide a justifi-
cation of the enhancement of the flavor symmetry for
Nf = 0, 1, 2. We find that the superconformal index
satisfies

I5d(u, zf , t, q) = I5d(u−1, zf , t, q).

This result indicates that the index is actually invari-
ant under the action of the Weyl group of the expected
SU(2) flavor symmetry. We then conclude that the
U(1) global symmetry of 5d gauge theory is enhanced
to SU(2) at the UV fixed point. This SU(2) flavor
symmetry is the core of the full ENf +1 symmetry,
and therefore we can expect that extending our result
should yield a proof of the full enhancement.
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From the Berkovits formulation to the Witten formulation
in open superstring field theory†

Y. Iimori,∗1 T. Noumi,∗2 Y. Okawa,∗3 and S. Torii∗2

Gauge invariance plays a fundamental role in the
current formulation of covariant string field theory. In
open bosonic string field theory,1) behind the gauge in-
variance is the algebraic structure called the A∞ struc-
ture,2,3) which is closely related to the covering of the
moduli space of Riemann surfaces. In open superstring
field theory, we therefore expect that the structure un-
derlying its gauge invariance be a supersymmetric ex-
tension of the A∞ structure, which would be closely
related to the covering of the supermoduli space of
super-Riemann surfaces. However, there is very little
understanding of gauge invariance, and some of the
problems we are confronted with in open superstring
field theory seem to be related to the lack of our un-
derstanding in this perspective.

For example, in the Witten formulation of open
superstring field theory,4) the gauge symmetry has
proven to be singular because of the collision of picture-
changing operators.5) There are related divergences in
tree-level amplitudes, which are also caused by the col-
lision of picture-changing operators. It is possible that
the source of these divergences is related to the singular
covering of the supermoduli space of super-Riemann
surfaces. At the moment, however, such understand-
ing is negligible.

On the other hand, gauge transformation does not
suffer from any singularity in the Berkovits formulation
of open superstring field theory6) in the Neveu-Schwarz
sector. We do not, however, understand why it works
well in the context of the covering of the supermod-
uli space of super-Riemann surfaces. In the Berkovits
formulation, the action contains interaction vertices
higher than cubic. We know that the bosonic mod-
uli space of Riemann surfaces is covered by Feynman
diagrams with cubic vertices alone, and the higher-
order vertices do not contribute to the covering of the
bosonic moduli space. Since gauge invariance requires
the higher-order vertices, it is expected that these ver-
tices play a role in the covering of the supermoduli
space. At the moment, however, such understanding
is missing.

In view of recent developments in the understand-
ing of the supermoduli space,7–10) the exploration of
the relation between gauge invariance in open super-
string field theory and the covering of the supermod-
uli space of super-Riemann surfaces can be crucially
important for the profound question of whether open
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superstring field theory can be a consistent quantum
theory by itself. In this report, as a first step towards
this direction, we address the question of how the di-
vergences in the Witten formulation can be resolved in
the Berkovits formulation.

The Hilbert space of the string field in the Berkovits
formulation is larger than that in the Witten formula-
tion and, correspondingly, the gauge symmetry in the
Berkovits formulation is larger than that in the Wit-
ten formulation. We perform partial gauge fixing in
the Berkovits formulation to associate it with the Wit-
ten formulation. We introduce a one-parameter family
of judicious gauge choices labeled by λ, and the cu-
bic interaction in the Berkovits formulation reduces to
that in the Witten formulation in the singular limit
λ → 0. We can think of the Berkovits formulation
which is partially gauge fixed with finite λ as a reg-
ularization of the Witten formulation. We find that
the divergence in the four-point amplitude as λ → 0 is
canceled by the quartic interaction. We also find that
the divergence in the gauge variation of the action to
the second order in the coupling constant as λ → 0 is
resolved by incorporating the quartic interaction. Our
approach based on the one-parameter family of gauge
choices enables us to discuss the nature of these di-
vergences in a concrete and well-defined setting. Our
next step will be to translate the mechanism of cancel-
ing the divergences into the language of the covering of
the supermoduli space of super-Riemann surfaces, and
our ultimate goal is to reveal a supersymmetric exten-
sion of the A∞ structure underlying open superstring
field theory.
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