
Update on lattice QCD calculation of neutral B meson mixing
in static limit of b quark

T. Ishikawa,∗1 Y. Aoki,∗2,∗1 T. Izubuchi,∗3,∗1 C. Lehner,∗3 and A. Soni,∗3 for RBC Collaboration

The Cabibbo–Kobayashi–Maskawa (CKM) matrix
is a key part of elementary particle physics, and con-
straints on the elements Vts and Vtd can be obtained
from B0 − B0 mixing, where highly nonperturbative
hadronic weak matrix elements play an essential role.
We perform simulations on this subject using static
heavy quark as the treatment of b quark.1)2) The final
values of B meson decay constants and mixing matrix
elements and ξ parameter in the static b quark limit
are summarized as

fB = 218.8(6.5)stat(16.1)sys [MeV], (1)
fBs = 263.5(4.8)stat(18.7)sys [MeV], (2)

fBs/fB = 1.193(20)stat(35)sys, (3)

fB

√
B̂B = 240(15)stat(17)sys [MeV], (4)

fBs

√
B̂Bs = 290(09)stat(20)sys [MeV], (5)

ξ = 1.208(41)stat(44)sys, (6)

where statistical (stat) and systematic (sys) errors are
given. In Fig. 1, the error budget is presented. Among
the uncertainties presented in Fig. 1, a large portion of
the error consists of statistical error, chiral extrapola-
tion uncertainty, and renormalization uncertainty; it is
thus important to reduce them to obtain more reliable
results.

The first step in improving the current results is
reducing the statistical errors using the All-Mode-
Averaging (AMA) technique.3) This involves locat-
ing many source points in the measurement but us-
ing an approximation in obtaining quark propagators
to greatly reduce computational cost. We show the
preliminary results of the AMA calculation in Fig. 2
and compare them with the current results (without
AMA). Although the AMA calculation is still ongoing,
the presented error reduction is quite encouraging.

The systematic uncertainties involve chiral extrapo-
lation and renormalization error. For the chiral extrap-
olation, we are currently focusing our effort on physical
pion simulation, where we use RBC/UKQCD’s 2+1
flavor 483 × 96 domain-wall fermion ensemble. By
this calculation, most of the chiral extrapolation un-
certainty is removed. Currently, the renormalization
error is large for non-ratio quantities because only one-
loop perturbation is employed. We are, however, in-
vestigating a possibility of nonperturbative method for
the matching using RI/MOM scheme and coordinate
space method,4) where removing power divergence is
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Fig. 1. Error budget for final quantities. The height of the

bars indicates total error, whereas the relative size of

the colors is determined by squared errors.1)
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Fig. 2. Comparison of chiral and continuum extrapolated

physical quantities between current and AMA results.

The error denotes only statistical one.

essential to the existence of the static heavy quark.
Although the static limit is a good approximation

for b quark, it is known to have O(ΛQCD/mb) ∼ 10%
uncertainty. To obtain precise results, we need to re-
move or reduce this uncertainty systematically. The
heavy quark expansion of a heavy-light quantity Φhl,
which has a finite asymptotic limit as mQ → ∞, is
written as

Φhl(1/mQ) = Φhl(0) exp

[ ∞∑
p=1

γp

(
ΛQCD

mQ

)p
]

, (7)

where mQ is the heavy quark mass, which is heavier
than the QCD scale ΛQCD. Our project finally in-
cludes simulations in light quark mass region (typically
c quark mass region) for obtaining expansion parame-
ters γps. Combining the static result with the lighter
quark mass enables us to obtain results with much less
uncertainty, where our static limit results play a crucial
role as a valuable “anchor point”.
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Progress toward an ab initio, Standard Model calculation of direct
CP-violation in K-decays

C. Kelly∗1 for the RBC and UKQCD collaborations

Recent theoretical and computational advances in the
field of lattice QCD have opened the door to an ab

initio determination of ǫ′, the measure of direct CP-
violation in Standard Model K → ππ decays. New
sources of direct CP-violation are required to explain
the observed matter-antimatter asymmetry in the Uni-
verse, and ǫ′ is particularly sensitive to the contribu-
tions introduced by many Beyond the Standard Model
theories. A comparison of the Standard Model value
to the precisely measured experimental number may
therefore provide evidence of new physics.
In K → ππ decays, the final ππ state can have either

isospin I = 2 or 0 and ǫ′ manifests as a difference in
the complex phases of the corresponding amplitudes,

A2 and A0 respectively: ǫ′ ∝
(

ImA2

ReA2
−

ImA0

ReA0

)
.

The RBC and UKQCD collaborations have success-
fully performed calculations of A2 with 10% total er-
rors1), and only A0 remains to be determined. This is
significantly more difficult than A2, firstly because the
ππ state can mix with the vacuum, leading to discon-
nected diagrams in which the two pions annihilate and
are recreated at a later time. Such diagrams are typi-
cally extremely noisy and require advanced techniques
such as all-to-all (A2A) propagators. The second diffi-
culty is in creating a ππ state that is degenerate with
the kaon such that the decay occurs with physical kine-
matics. This requires the pions to be moving, neces-
sitating the use of G-parity spatial boundary condi-
tions2) (GPBC) to control the statistical noise.

Efficient use of GPBC and A2A introduces a large
number of computational challenges that must be over-
come. To this end, we developed parallel code highly
optimized for the IBM Blue Gene/Q machines at BNL,
ANL and Edinburgh University and have, to date, gen-
erated O(100) independent measurements of the K →

ππ amplitude. The measurements were performed on
a custom generated ensemble with a (4.6 fm)3 lattice
volume and a relatively coarse 0.143 fm lattice spacing.
We use a three-flavor chiral action with degenerate up
and down quarks and a physical strange quark.
With our chosen lattice parameters we obtain a mea-

sured pion mass of mπ = 142.4(1.3) MeV and a kaon
mass of mK = 489.9(2.4) MeV, very close to their
physical values of 135 MeV and 495 MeV respectively.
We use GPBC in all three spatial directions and obtain
a ππ energy of Eππ = 524(45) MeV, which agrees with
the kaon mass within errors, suggesting a near-physical
decay.
In Fig. 1 we plot the contributions to A0 from the Q2
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Fig. 1.: Lattice time dependence of Q2 and Q6, the
dominant contributions to ReA0 and ImA0 respec-
tively. The fit is shown in red.

and Q6 operators, which respectively dominate ReA0

and ImA0. Here we use a K → ππ time separation
of 12, and fit to the plateau between t = 4–8; outside
of this region the signal is contaminated by excited
states. Our analysis also includes measurements with
K → ππ time separations of 10 and 14. Preliminary
results from our current, somewhat limited, data set
suggest a ∼50% statistical error on our result for ReA0

and ∼40% for ImA0. The error is almost completely
dominated by the disconnected diagrams, despite our
use of A2A methods, and can only be resolved with
more statistics. We anticipate doubling the statistics
within the next 6 months.

The systematic errors on our results are dominated
by the discretization error and the error on the Wil-
son coefficients. The former arises because the mea-
surement is performed on a single, coarse lattice, and
is expected to be O(20%); in future calculations this
can be removed by performing a continuum extrapo-
lation over results computed at different lattice spac-
ings. The Wilson coefficients are involved because we
match the low-energy lattice calculation to the three-
flavor Weak effective theory where the charm has been
integrated out perturbatively; as the charm is compar-
atively light, it is not clear how reliable this is. We
intend to study this by comparing A0 computed us-
ing cheaper lattice calculations with stationary pions
and both three and four dynamical flavors. Ultimately
we intend to repeat the calculation with a dynamical
charm quark.
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