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Towards U(INN|M) knot invariant from ABJM theory

B. Eynard*!*2 and T. Kimura*!-*3

The knot invariant can be realized using the Wilson
loop operator in Chern—Simons gauge theory. Espe-
cially for the invariant for unknot and torus knot, there
exists an integral representation analogous to the U(N)
symmetric matrix model. Recently it was pointed out
that the partition function of ABJM theory on S® can
be written as a supermatrix integral.!) From this point
of view, it is natural to explore a possibile connection
between the ABJM Wilson loop and a knot invariant.

The ABJM partition function is written as follows,
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where [dz] = &£ ¢7 2" and [dy] = £ ezga” with the
string coupling constant g, = 2m/ k In this expres-
sion the Wilson loop operator in the representation
R is given by the corresponding character of U(N|N)
group, Wr — Strg U(x;y) with the holonomy matrix
U(z;y) = diag(e™, -+ ,e*™, —e¥t ... —e¥V). When
the partition A, corresponding to the representation
R, satisfies Ayy1 > N, this character is decomposed
into that for SU(N) which is written in terms of the
Schur function,
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where pf = M,y and v} = A\izn. We consider this
case in particular. Thus the integral representation for
the unknot Wilson loop in ABJM theory is now written
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with & = X\;—i+1/2, n; = Al—i+1/2. We can compute
this integral by applying the Fourier transform formula
1/coshw = [ %2e%w=/7 [ cosh z,

<WR(Kunknot)> = k‘iNq%(Cﬂ#)*Cg(u))
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where the parameter is deﬁned as q = e9% and

Co(N) =22, <(>\1 —i+ 5) > is the sec-

ond Casimir operator, correspondmg to the framing
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factor. This shows that the U(N|N) character average
is factorized into that for U(1|1) theory. This kind of
property is called Giambelli compatibility.?)

In order to see the connection to the ordinary knot
invariant in U(N) from the determinantal expression
(4), it is convenient to rewrite as follows,
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The last two factors coincide with the Wilson loop av-
erage in U(V) theory, which is given by the quantum
dimension of the representation R, up to the normal-
ization constant.

The integral formula shown above can be generalized
to the situation for the torus knot, which is labeled by
two coprime integers (P, Q). In this case the partition
function is slightly modified
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We can show this torus knot partition function
is just given by the symplectic transform of the
original unknot partition function. Thus it can
be shown that they are related in a simple way,
Z(pg) = (PQ)N Z(11). Since there exists the U(N|N)
character, written in terms of the Schur function,
sx(uv?) = 30, X osu(u;v), as well as the ordinary
U(N) theory, finally the torus knot Wilson loop aver-
age can be expressed as a linear combination of that
for the fractionally framed unknot,

<WR(KP,Q)> = ZC%,Q<WR(K1J)> (7)
1%

with the framing number f = @Q/P. This is just a
supersymmetric version of the Rosso—Jones formula for
the torus knot invariant.?)
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