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Since the discovery of cuprate-based high-Tc super-
conductivity, enormous efforts in both experimental
and theoretical studies have invested to understand its
superconductivity mechanism. However, this mech-
anism is still unclear and debatable. YBa2Cu3O6

(YBCO6) is one of the mother compunds of cuprate-
based high-Tc superconductors. This system shows
antiferromagnetic (AF) ordering with TN = 350 K.1)

The AF ordering of this system disappears by dop-
ing, YBa2Cu3O6+x, and superconductivity appears.2)

We study the magnetic and electronic properties of
YBCO6 by using the muon-spin resonance (µSR) tech-
nique. This technique is extremely sensitive to probe
local magnetism but has a limitation, because muon
sites in the lattice and perturbation by muons to the
host system are unknown.3)

Therefore, we have been developing the method to
estimate muon sites in YBCO6 by using density func-
tional theory (DFT) which is implemented in Vienna
Ab-initio Simulation Package (VASP). Based on the
µSR experimental data of YBCO6 below TN , three
muon-spin precession components are observed, indi-
cating the presence of three different kinds of muon
sites in this system.

We first calculate the density of state and the band
structure to confirm the insulator state in this sys-
tem. Considering strong electron correlation among
cuprate ions in this system, we optimize the exchange-
correlation function and the value of Hubbard param-
eter (U). The second step is to calculate the potentials
in this system under the same condition as that in the
first step. In the calculation of the potential, the pseu-
dopotential for hydrogen is used, because a muon is
considered to be a light isotope of a proton. As a muon
has a positive charge, it prefers to be located at sites
of the local minimum of the potential. Thus the local
minimum site can be regarded as the initial muon site.
We found three kinds of muon sites (marked M1-M3)
in YBCO6 as shown in Fig. 1.

To investigate the effect of the presence of a muon
in the system, we performed calculation by placing a
muon at the initial site in the 4x4x2 supercell and al-
lowing the lattice to be relaxed. Then, we got the final
site of the muon, the change of local electronic states
and spatial spin distributions.

We are also developing the program to calculate in-
ternal fields at the muon stopping sites. In this pro-
gram, we considered zero point energy (ZPE) vibra-
tion of a muon because the muon is a light particle.

∗1 RIKEN Nishina Center
∗2 Department of Condensed Matter Physics, Hokkaido Uni-

versity
∗3 School of Distance Education, University Sains Malaysia

Fig. 1. Possible muon sites in YBCO6 estimated from our

DFT calculations. Yellow area indicates the isosurface

at 500 meV.

The density distribution of the muon extends over the
amplitude of the ZPE vibration. The density distribu-
tion of muon was calculated by solving the Schrödinger
equation for the wave function of muon around the
local minimum of potential in the range up to 1.5
angstrom. By taking all those results into account,
we calculated the internal fields at each kind of muon
site to be 116 G for the M1, 335 G for the M2, and
446 G for the M3 sites.

From previous µSR measurements for the antifer-
omagnetic phase of YBCO, Brewer et al. found one
muon spin precession frequency in YBCO6.2 which cor-
responds to the internal field 300 G4) and Nishida et al.
found two additional muon spin precession frequencies
which correspond to the internal fields of 100–150 G
and 1.8 kG. The amplitude of muon spin precession for
the 1.8 kG is less than 1%.5) The calculated values on
the internal fields for the M1 and M2 sites are com-
patible with the experimental results, 100–150 G and
300 G, respectively. However, the calculated value for
the M3 site is not compatible. To clarify the origin of
this discrepancy in the values for the M3 site, the µSR
measurement for the high-quality YBCO single crystal
and further checking the calculation for the M3 site are
still ongoing
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Modulated Kubo-Toyabe functions to study fluctuated weak
magnetism and muon diffusion at pseudogap state of underdoped

La2−xSrxCuO4
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One of the interesting puzzles for understanding the
nature state of the pseudogap at the cuprate-based high-
temperature superconductor is the discrepancy between
neutron scattering and muon spin relaxation experi-
ments in the detection of spontaneous magnetic order
by, for instance, orbital (loop) current or intra-unit-cell
(IUC) magnetic order. A neutron scattering experiment
on YBCO1) has shown the presence of an ordered mag-
netic state preserving the translational symmetry of the
underlying lattice, indicating the orbital current model.
This result was also supported earlier by an angle-
resolved photoemission spectroscopy (ARPES) experi-
ment, which confirmed time-reversal-symmetry break-
ing (TRSB) at the pseudogap state of Bi-2212.2) Con-
trary to Neutron scattering and ARPES results, µSR
has confirmed the absence of TRSB associated with the
spontaneous ordered magnetic state in the single crys-
tal of LSCO.3) However, using a pulse-µSR experiment,
Watanabe et al.4) strongly indicated the presence of
weak magnetism at the pseudogap state in a polycrys-
talline LSCO sample.
A theoretical study5) on the effect of screening charge

density on a muon (point charge) has been proposed
to explain the discrepancy. To confirm the presence
of weak magnetism associated with the orbital current
model or IUC magnetic order due to the screening pro-
cess, by applying the Kubo-Golden Formula, we have
extended known Kubo-Toyabe functions (muon spin re-
laxation functions) for four scenarios of the internal field
distribution of nuclear moments on muon sites broad-
ened by a comparable weak magnetism. The scenarios
of two independent sources include a Gaussian distribu-
tion (nuclear moments) broadened by a delta-function
distribution (ordered magnetic state in a polycrystalline
sample), Lorentzian distribution, and Voigtian distribu-
tion. Another possibility for nuclear moments belonging
to a Voigtian distribution broadened by weak sources
with a Lorentzian distribution has been developed.
Since muon diffusion and the dynamic behavior of

weak magnetism in the dependence of temperature and
doping concentration can also possibly occur in a µSR
experiment, we have extended muon spin relaxation
functions for dynamic cases (modulated Kubo-Toyabe
functions). The dynamic cases are constructed by ap-
plying a strong collision model with a modulated inter-
nal field on muon sites treated as a Markovian process.
The equations of the modulated Kubo-Toyabe function
for the developed scenarios exist in the Volterra integral
equation, and they can be solved numerically. In our
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ve been implementing the numerical solution of Volterra 
integral equation in Mathematica software with the 
trapezoidal method, in which every area of the partitioned 
integration interval is approached as a trapezoid.  
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Pig. 1. Line shapes of the muon spin relaxation function 
for the summation of internal fields from the ordered 
magnetic state of a polycrystalline sample and nuclear 
moments in the zero-field condition plotted for different 
ratios of the field from the ordered magnetic state (ω=γμB) 
to the width of the dipole nuclear field (Δ)       
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Pig. 2. Line shapes of muon spin relaxation function for 
the summation of internal fields from the ordered magnetic 
state of a polycrystalline sample and nuclear moments in 
the longitudinal-field (LF) condition plotted for different 
ratios of the applied longitudinal field (ω0=γμBLF) to the 
field from the ordered magnetic state (ω=γμB).   
 

Fig. 1. Line shapes of the muon spin relaxation function

for the summation of internal fields from the ordered

magnetic state of a polycrystalline sample and nuclear

moments in the zero-field condition plotted for differ-

ent ratios of the field from the ordered magnetic state

(ω = γµB) to the width of the dipole nuclear field (∆).

Modulated Kubo-Toyabe functions to study fluctuated weak magnetism and muon 
diffusion at pseudogap state of underdoped La2-xSrxCuO4 

 
M. D. Umar,＊1,＊2 and I. Watanabe＊1,＊2 

 
 One of the interesting puzzles for understanding the 

nature state of the pseudogap at the cuprate-based 
high-temperature superconductor is the discrepancy 
between neutron scattering and muon spin relaxation 
experiments in the detection of spontaneous magnetic order 
by, for instance, orbital (loop) current or intra-unit-cell 
(IUC) magnetic order. A neutron scattering experiment on 
YBCO1) has shown the presence of an ordered magnetic 
state preserving the translational symmetry of the 
underlying lattice, indicating the orbital current model. This 
result was also supported earlier by an angle-resolved 
photoemission spectroscopy (ARPES) experiment, which 
confirmed time-reversal-symmetry breaking (TRSB) at the 
pseudogap state of Bi-2212.2) Contrary to Neutron 
scattering and ARPES results, SR has confirmed the 
absence of TRSB associated with the spontaneous ordered 
magnetic state in the single crystal of LSCO.3) However, 
using a pulse-SR experiment, Watanabe et al.4) strongly 
indicated the presence of weak magnetism at the pseudogap 
state in a polycrystalline LSCO sample. 

A theoretical study5) on the effect of screening charge 
density on a muon (point charge) has been proposed to 
explain the discrepancy. To confirm the presence of weak 
magnetism associated with the orbital current model or IUC 
magnetic order due to the screening process, by applying 
the Kubo-Golden Formula, we have extended known 
Kubo-Toyabe functions (muon spin relaxation functions) 
for four scenarios of the internal field distribution of nuclear 
moments on muon sites broadened by a comparable weak 
magnetism. The scenarios of two independent sources 
include a Gaussian distribution (nuclear moments) 
broadened by a delta-function distribution (ordered 
magnetic state in a polycrystalline sample), Lorentzian 
distribution, and Voigtian distribution. Another possibility 
for nuclear moments belonging to a Voigtian distribution 
broadened by weak sources with a Lorentzian distribution 
has been developed.   

Since muon diffusion and the dynamic behavior of weak 
magnetism in the dependence of temperature and doping 
concentration can also possibly occur in a SR experiment, 
we have extended muon spin relaxation functions for 
dynamic cases (modulated Kubo-Toyabe functions). The 
dynamic cases are constructed by applying a strong 
collision model with a modulated internal field on muon 
sites treated as a Markovian process. The equations of the 
modulated Kubo-Toyabe function for the developed 
scenarios exist in the Volterra integral equation, and they 
can be solved numerically. In our ongoing research, we ha- 
                                               
＊1  RIKEN Nishina Center 
＊2  Department of Physics, Hokkaido University 

ve been implementing the numerical solution of Volterra 
integral equation in Mathematica software with the 
trapezoidal method, in which every area of the partitioned 
integration interval is approached as a trapezoid.  
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 

References 
1) B. Fauque et al., Phys. Rev. Lett. 96, 197001 (2006). 
2) A. Kamiski et al., Nature, 416, 610 (2002). 
3) G. J. MacDougall et al., Phys. Rev. Lett. 101, 017001 (2008). 
4) I. Watabe et al., J. Phys. Soc. Jpn. 73, 2232 (2008). 
5) A. Shekhter et al., Phys. Rev. Lett. 101, 227004 (2008). 

 

Asymmetry Function 

 
 

 

Pig. 1. Line shapes of the muon spin relaxation function 
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Pig. 2. Line shapes of muon spin relaxation function for 
the summation of internal fields from the ordered magnetic 
state of a polycrystalline sample and nuclear moments in 
the longitudinal-field (LF) condition plotted for different 
ratios of the applied longitudinal field (ω0=γμBLF) to the 
field from the ordered magnetic state (ω=γμB).   
 

Fig. 2. Line shapes of muon spin relaxation function for the

summation of internal fields from the ordered magnetic

state of a polycrystalline sample and nuclear moments in

the longitudinal-field (LF) condition plotted for different

ratios of the applied longitudinal field (ω0 = γµBLF ) to

the field from the ordered magnetic state (ω = γµB).

ongoing research, we have been implementing the nu-
merical solution of Volterra integral equation in Mathe-
matica software with the trapezoidal method, in which
every area of the partitioned integration interval is ap-
proached as a trapezoid.
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