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Columbia plot and ’t Hooft loop at imaginary chemical potential†

K. Kashiwa∗1 and R. D. Pisarski∗1∗2

The investigation of the phase structure in Quan-
tum Chromodynamics (QCD) at finite temperature
(T ) and real chemical potential (µR) is an important
subject in the particle and nuclear physics. If we obtain
the QCD phase diagram from first-principles calcula-
tions, the phase structure would be clear, in principle.
First-principles calculations such as the lattice QCD
(LQCD) simulation, however, has a sign problem at
finite µR, and it is therefore not feasible there. Even if
we use several methods and approximations, we cannot
reach the µR/T ≥ 1 region. Therefore, several effec-
tive models such as the Nambu–Jona-Lasinio model
are widely used to investigate QCD phase diagrams.
The effective model approach, however, has large am-
biguities. Therefore, at the present, we cannot obtain a
reliable phase diagram at finite µR by using the lattice
QCD simulation and effective model approach.
To overcome this problem, we consider the imagi-

nary chemical potential (µI). At finite µI, there is no
sign problem, and thus we can successfully perform the
LQCD simulation. In fact, phase structures have al-
ready been investigated by lattice QCD simulations;
for example, see References2,3). In addition, it is pos-
sible to prove that the µI region has almost all the
information of the µR region1). QCD has some char-
acteristic properties at finite µI. One of the character-
istic properties is the Roberge-Weiss (RW) periodicity,
which is the special 2π/3 periodicity along the µI/T

axis. This periodicity is a remnant of the Z3 symme-
try in the pure gauge limit. Also, the RW transition
and its endpoint which is called the RW endpoint are
expected at finite T in the µI region. This means that
we can obtain some important constraints for model
design from these special properties of QCD.
In this study, we consider the heavy-quark mass

region, which corresponds to the upper part of the
Columbia plot. The Colombia plot is the figure drawn
as a function of the light-quark and strange-quark
masses and shows the phase boundary. In the paper,
we reported the following three results:

(1) ’t Hooft loop can be well defined at the RW end-
point.

(2) Model ambiguities can appear largely at the RW
endpoint.

(3) Thermodynamics with imaginary chemical po-
tential shows unexpected behavior comparing to
standard thermodynamics.

The ’t Hooft-loop is related with the deconfinement
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transition at finite T in the pure-gauge limit. It is
known that this quantity cannot be well defined in
the system with dynamical quarks4,5). In the calcu-
lation of the ’t Hooft loop, we should set different Z3

images (charges) at the boundary of the box and con-
sider its surface. If the potential energies in both sides
of the surface are different, there is a force that mod-
ifies the surface, and thus the ’t Hooft loop cannot be
well defined. However, we showed that the effective

Z3 charges are identical at two of the Z3 images, and
thus the ’t Hooft loop can be well defined at the RW
endpoint for degenerate Z3 images because there is no
force to modify the surface.
The Columbia plot at the heavy-quark mass region

was calculated by using the matrix model for decon-
finement and the logarithmic-type Polyakov-loop effec-
tive potential for describing the deconfinement tran-
sition by the Polyakov loop. Those models are low-
energy effective models of QCD. In the case of the
matrix model, there is a phase boundary that sep-
arates the first-order and second-order transition re-
gions. Conversely, the logarithmic-type Polyakov-loop
effective potential does not have any phase boundary
down to 1 GeV. Therefore, there exists a large model
dependence in the upper part of the Columbia plot at
the RW endpoint.
Several thermodynamic quantities, such as the pres-

sure, energy density, quark number density, entropy
density, and interaction measure, are calculated by
using the matrix model for deconfinement. We ob-
served that the energy density and interaction measure
show unexpected behavior near the RW transition line,
which is induced by the contribution of the quark num-
ber density. This behavior can be exploited to remove
the model ambiguities when accurate lattice QCD data
will be available in the future.
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Progress towards an ab initio, Standard Model calculation of direct

CP-violation in K-decays

C. Kelly∗1

Direct CP-violation in K → ππ decays manifests as a
difference in phase between the decay amplitudes in the
I = 2 and I = 0 channels and is parameterized experi-
mentally as ǫ′. This quantity is extremely sensitive to
Beyond the Standard Model sources of CP-violation;
therefore, an accurate Standard Model calculation is
greatly desired. As low-energy strong interactions play
an important role, use of lattice QCD is required to
study these processes. Although ǫ′ has been known
experimentally since the late 1990’s, it is only recently
that the techniques and raw computing power for per-
forming a realistic first-principles calculation have be-
come available. The main technical difficulty is finding
a strategy for obtaining an energy conserving decay
because only the ground state is easily accessible in
lattice calculations. The lowest-energy two-pion state
comprises stationary pions, and its energy (assuming
physical quark masses) is only 270 MeV, far below the
500 MeV mass of the kaon.

The RBC and UKQCD collaborations have success-
fully performed calculations of the I = 2 channel am-
plitude1,2), solving the issue of obtaining physical kine-
matics by modifying the lattice boundary conditions
(BC) of the down quarks from periodic to antiperi-
odic such that the charged-pion ground state is mov-
ing. Unfortunately this manifestly breaks the isospin
symmetry. For the I = 2 decay, it is possible to relate
the amplitude to an unphysical one in which the final
state cannot mix with other isospin states, but this
cannot be performed for the I = 0 decay. Instead, we
intend to use G-parity boundary conditions (GPBC).

G-parity is a combination of charge conjugation and
an isospin rotation by π radians about the y-axis. Both
charged and neutral pions are eigenstates of this op-
eration with eigenvalue −1; hence, its application at
a spatial boundary causes the pion states to become
antiperiodic in that direction, removing the stationary
ground state. However, in this setup, operators in-
volving both strange and light quarks cannot be com-
bined to form G-parity eigenstates e.g., the K0 state
s̄d transforms to the unphysical s̄ū state at the bound-
ary. We solve this issue by placing the s-quark in an
isospin doublet with a fictional degenerate partner, re-
ferred to as s′, and impose GPBC on this pair. We can
then form a state, K̃ = 1

√

2
(s̄d+ūs′), which is an eigen-

state of G-parity with eigenvalue +1, and thus has a
stationary ground state. For the K → ππ measure-
ment the effects of the fictional state ūs′ are expected
to be small as it must propagate across the boundary
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Fig. 1.: Top: the pion and kaon energies, respectively
as a function of the number of G-parity directions
(twists), overlaid by the expected continuum disper-
sion relations. Bottom: BK as a function of the num-
ber of G-parity directions.

to interact with the decay operator.
To demonstrate that the GPBC have the desired

effect, we generated several fully dynamical ensembles
with a relatively small volume and a large (420 MeV)
pion mass, with GPBC in zero, one, and two directions,
each with periodic BC in the remaining directions. In
Fig. 1, we plot the measured pion and kaon energies
as the number of directions with GPBC is increased.
We observe that the pion energies agree well with the
continuum dispersion relation and that stationary kaon
states can be produced in this framework. Because the
quantity BK , which represents the amplitude of mixing
between neutral kaon states via the weak interaction,
involves only kaons, we expect it will remain constant
as we change the number of directions with GPBC; we
observe that this is indeed the case.

We have since began generating a fully dynami-
cal ensemble with a large volume and physical quark
masses using the USQCD collaboration’s IBM Blue-
gene/Q machine at BNL, and we expect to soon begin
measurements. Once completed, the results can be
combined with those for the I = 2 channel to finally
obtain a first-principles value for ǫ′.
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