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Non-Lagrangian theories from brane junctions †

L. Bao,∗1 V. Mitev,∗2 E. Pomoni,∗3 M. Taki∗4 and F. Yagi∗5

In a seminal article1), Gaiotto argued that a large
class, called class S, of N = 2 superconformal field the-
ories (SCFT) in four dimensions (4D) can be obtained
by a twisted compactification of a 6D (2, 0) SCFT on
a Riemann surface of genus g with n punctures. The
building blocks of the class S theories are tubes and
pairs of pants that correspond to gauge groups and
matter multiplets, respectively. Subsequently, a re-
lation between the partition functions of the N = 2
SU(N) gauge theories and the correlation functions of
the 2D AN−1 Toda CFTs was proposed.2) Computa-
tion of 2-point and 3-point functions in a CFT would
in principle yield a complete understanding of the n-
point functions.

It is important to note that there is a fundamental
difference between the SU(2) and the SU(N), N > 2,
cases. For the SU(2) quiver gauge theories2) that are
related to the 2D Liouville CFT, there is only one type
of puncture on the Riemann surface and hence the Li-
ouville CFT has only one class of 2D 3-point functions
to be calculated. On the other hand, the SU(N) case
with N > 2 has more than one kind of puncture. So
far, the case with three special SU(N) punctures TN

has remained elusive, since neither the TN Nekrasov
partition functions nor the Toda three-point correla-
tors are known. The situation is further aggravated
by the fact that the corresponding 4D theories do not
have a Lagrangian description. Even though there is
no known Lagrangian description of the 4D TN theo-
ries, we are able to obtain the partition functions for
their 5D uplift3) using topological strings on the dual
geometry of the 5-brane junctions.

In this paper, we compute the Nekrasov partition
functions of the TN junctions as refined topological
string partition functions.4) At this point, we make use
of the quite recent conjecture of Iqbal and Vafa5) that
says that the 5D superconformal index, which is the
partition function on S4 × S1, can be obtained from
the 5D Nekrasov partition function and thus from the
topological string partition function

I5D =

∫
da |Z5D

Nek(a)|2 ∝
∫

da |Ztop(a)|2. (1)

The E6 superconformal index is obtained from the
T3 Nekrasov partition function by using the idea pre-
sented in Iqbal and Vafa,5) and we find that the results
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coincide with those of Kim et al.,6) computed via lo-
calization. When parallel external 5-brane legs appear
in the toric web diagram, the corresponding partition
functions contain extra degrees of freedom. In contrast
to the massive spectrum in 5D, which forms a repre-
sentation of the Wigner little group SU(2)×SU(2), re-
ferred to as the full spin content representation, these
extra states do not transform as a correct representa-
tion under the Poincaré symmetry. Therefore, we call
them non-full spin content contributions. We inter-
pret this part as the contribution to the extra degrees
of freedom appearing from the parallel 5-branes ex-
plained above. It should therefore be removed. To
obtain the superconformal index from the topologi-
cal string partition function, we have to eliminate all
the non-full spin content from the partition function.
Schematically, the partition function can be expressed
as a sum of Young diagrams assigned to the product
of strip geometries as

ZTN
=

1

Znon-full spin

∑
Y

N∏
i=1

Z
strip
i (Y ) . (2)

The factor Znon-full spin is the BPS spectrum, which

does not form a representation of the Poincaré sym-

metry, and Zstrip is the partition function of the strip
geometry.

Finally, the 5D version of the AGTW relation, which
suggests that the 5D Nekrasov partition functions are
equal to the conformal block of q-deformed WN Toda,
implies the following relation between the superconfor-
mal index and the correlation functions of the corre-
sponding q-deformed Toda field theory:

I5D(x, y) =

∫
[da]

���Z5D
Nek(a, m, β, ε1,2)

���
2

∝ 〈Vα1(z1) · · ·Vαn(zn)〉q-Toda. (3)

This is an important entry in the dictionary of the
5D/2D AGTW correspondence. The partition func-
tions of the TN brane junctions predict, up to an over-
all coefficient, the corresponding DOZZ formula for the
three-point functions.
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Holomorphic blocks for 3D non-Abelian partition functions†

M. Taki∗1

The pioneering work by Pestun1) on the partition
function of four-dimensional (4D) N = 2 theories has
served as a trigger for great progress on localization
computation of supersymmetric gauge theories in di-
verse dimensions and on various manifolds. The local-
ization of three-dimensional (3D) theories is a recent
focus of research. Kapustin, Willett, and Yaakov2) ex-
tended Pestun’s idea to gauge theories on S3, and they
obtained matrix model representations for the super-
symmetric partition functions of these theories. We
can solve these matrix-models in the large-N limit; for
instance, the ABJM partition function was computed
by Drukker, Marino, and Putrov3). They found that
the free energy of the ABJM theory actually shows
the N3/2 scaling behavior, which had been suggested
in the AdS/CFT argument. This result is a typical
example of the power of the localization approach.

The efficiency of localization reaches beyond the
large-N approximation. The matrix models for par-
tition functions of N = 2 gauge theories on S3 was
derived in Ref.4,5). The integrant of this matrix model
consists of a complicated combination of double-sine
functions, and it appears difficult on first glance to
evaluate it exactly. In Ref.6), however, the authors
succeessfully solved these matrix models exactly. In
particular, the partition functions of 3D N = 2 U(1)
theories computed in Ref.6) show the following factor-
ization property:

ZU(1)[S3] =

Nf∑
i=1

Z
(i)

vort
�Z(i)

anti-vort. (1)

Here, Zvort and �Zanti-vort are the partition functions

of the vortex and antivortex configurations on S1×R2

respectively. The summation is taken over the super-
symmetric ground states that specify the vortex sector.
This factorization into vortices is the 3D analogue of
Pestun’s expression,

ZU(1)[S4] =

∫
da Zinst(a) �Zanti-inst(a). (2)

In this 4D case, ground states are labeled by the con-
tinuous moduli parameter a; therefore, we take the
integral over it after combining the contributions from
instantons and anti-instantons. The three-dimensional
factorization is therefore expected to originate from the
localization after changing the way of carrying out the
localization computation.

In this paper, we extend this observation (1) to
gauge theories with a more generic gauge group
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SU(N). To compute the localization partition func-
tions of these non-Abelian gauge theories, we need to
evaluate the following complicated matrix integral:

Z =
1

N !

∫
dNx e−iπk

∑
x2

α+2πiξ
∑

xα
∏

1≤α<β≤N

×4 sinh πb(xα − xβ) sinhπb−1(xα − xβ)

×
N∏

α=1

Nf∏
i=1

sb(xα + mi + µi/2 + iQ/2)

sb(xα + mi − µi/2 − iQ/2)
. (3)

Here, sb(x) is the double-sine function7). Employing
the Cauchy formula

∏
1≤α<β≤N

2 sinh(xα − xβ)2 sinh(χα − χβ)

=
∑

σ∈SN

(−1)σ
∏
α

∏
β �=σ(α)

2 cosh(xα − χβ), (4)

we succeeded to compute the matrix integral, and we
found the following factorization:

ZSU(N)[S3] =

Nf∑
i1

· · ·
Nf∑
iN

Z
(�i)

vort
�Z(�i)

anti-vort, (5)

where Nf is the number of flavors. This result suggests
that the factorization is universal for the gauge theo-
ries in three dimensions, and we can expect a similar
relation for gauge theories with other gauge groups on
more generic three-dimensional manifolds. It would be
also possible to re-derive our result physically without
computing the partition functions explicitly.
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