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Sine square deformation and its implications to string theory†

T. Tada∗1

It was recently found that certain 1d quantum sys-
tems with an open boundary condition can share the
same vacuum state with a similar system having a
closed boundary condition, if the coupling constants of
the system with an open boundary are modulated in
a certain way called sine square deformation1–3). Sine
square deformation works similarly in two-dimensional
conformal field theories, which describe string theory
4). We have investigated sine square deformation in
the context of string theory, focusing in particular on
open/closed duality.

Sine square deformation is the modulation of the
coupling of open boundary systems so that

J
i,i+1 ≡ J sin2

( n

N
π
)

(1)

keeping the boundary coupling J0,1 = J
N,N+1 = 0 at

the both ends (Fig. 1) for the following 1d quantum
system:
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∑
J
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n
· σ

n+1) . (2)

Fig. 1. Sine square deformation of the coupling for a 1d

quantum system.

In the case of conformal field theory, the Hamilto-
nian HSSD that is sine square deformed is
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while the original Hamiltonian is

H0 =
2π

l
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L0 + L̄0

)
−

πc

6l
. (4)

Then, the vacuum |0� for H0 is also the vacuum of
HSSD with half the energy.

To interpret the sine square deformation in terms
of the dynamics of the world sheet, we need to find
the corresponding Lagrangean. We found that the La-
grangean corresponding to HSSD is obtained by taking
α to 1 in the following expression:
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where
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r|k|e2πikx/l, (6)
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√

1 − α2

α
, N ≡

1
√

1 − α2
. (7)

One can readily see that the g00 component of the
world sheet metric in the Lagrangean, f

t
, diverges

severely as we apply sine square deformation. This
is in some sense expected because at the SSD point
there occurs an event as singular as the change of the
boundary condition.

One can apply sl(2, C) transformation ea

L1−L
−1

2 to
(the holonomic part of) H0 to obtain

cosh aL0 − sinh a
L1 + L−1

2
. (8)

The right-hand side of the above would have corre-
sponded to HSSD if cosh a = sinh a, which is a direct
contradiction with the identity cosh2 a − sinh2 a = 1.
One, therefore, needs to take a → ∞ and suitably
rescale. Hence, HSSD is not connected with H0 through
the ordinary sl(2,c) transformation, but through a cer-
tain limiting procedure.

We also found that HSSD has the following different
vacua other than |0�

eL
−1
|h�, (9)

where |h� is the state corresponding to the primary
fields of CFT. However, the norm of (9) is divergent.
One also needs a certain limiting process to properly
define (9).

In summary, we have investigated sine square defor-
mation of string theory to shed light on the relation
between open and closed strings. Recent studies of
string dualities suggest that one needs to go beyond
the realm where open and closed are inseparable to un-
derstand the true dynamics of string theory. We hope
that we can further uncover the nature of this realm
through insights offered by sine square deformation.
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Phase structure of two-dimensional topological insulators by lattice
strong-coupling expansion†

Y. Araki∗1 and T. Kimura∗2

Topological insulators have recently attracted a
great interest in the field of materials physics, which
are characterized by the topologically protected gap-
less modes localized on the boundary of the system.
The effect of electron correlation in such an elec-
tronic system has always been an important problem.
Even in non-topological Dirac fermion systems, such
as graphene, it has been proposed that a sufficiently
strong electron-electron interaction can lead to a spon-
taneous breaking of some symmetries of the system and
a dynamical generation of band gap.

Fig. 1. The phase diagram of the Kane-Mele model in the

(t′, σ1)-space. One of the Dirac cones loses its band gap

at the phase boundary.

In this report, we study the effect of a sufficiently
strong electron-electron interaction on the topological
phase structure of 2D quantum spin Hall insulators.
By the techniques of strong-coupling expansion of lat-
tice gauge theory, we observe the behavior of the spon-
taneous antiferromagnetic (AF) order in the strong-
coupling limit of the interaction. As a result, we find
that the topological phase structure is modified from
that of the noninteracting system by the emergence of
a new “tilted AF” phase in-between the normal insu-
lator and the topological insulator phases as shown in
Fig. 1. Here we use the “modified” mass σ1, instead of
the bare mass (staggered magnetic field) m, and t′ is
the spin-orbit counpling constant. As a consequence
of the interplay between the electron-electron inter-
action and the spin-orbit interaction, there appears a
new “tilted antiferromagnetic (AF)” phase, where the
imaginary part of the order parameter becomes non-
zero (σ2 �= 0), between the normal AF phase and the
topological phase.

The AF order is not parallel to the direction pointed
by the spin-orbit interaction and the staggered mag-
netic field in the spin SU(2) space in the tilted AF
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Fig. 2. Schematic picture of the order parameters derived

in this study. It is expected that a gapless NG mode

appear when the full SU(2) is restored.

Fig. 3. The schematic phase structure of a graphene-like

system with the spin-orbit interaction, conjectured in

analogy to that of lattice QCD with the Wilson fermion

formalism, for (left) t′ < t′C and (right) t′ > t′C .

phase. σ1 and σ2 are antiferromagnetic (AF) orders
corresponding to two directions in the remnant U(1)
spin space, which we denote Mz and Mx here. If we
extend this argument to the full SU(2) spin space, an-
other direction My is restored, so that the tilted AF
acquires U(1) degree of freedom in choosing its direc-
tion, which may result in a massless Nambu-Goldstone
mode (Fig. 2).

We also show the analogy between the phase struc-
ture of topological insulators and that of the strongly
coupled lattice QCD with the Wilson fermion formal-
ism in Fig. 3. In this analogy, σ1 and σ2 correspond to
〈ψ̄ψ〉 and 〈iψ̄γ5ψ〉. The tilted AF phase is similar to
the so-called “Aoki phase” in lattice QCD in that both
of them are characterized by an order parameter or-
thogonal to the external source term in the continuous
symmetry space.1) Such an analogy may help us un-
derstand the behavior of topological insulators with an
electron-electron interaction from the strong-coupling
to the weak-coupling regime.
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