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Linearity of quantum probability measure and Hardy’s model’

K. Fujikawa,*! C.H. Oh,*? and C. Zhang*?

Hardy proposed a characterization of entanglement
that does not use inequalities by EPR-type arguments.
It is however disturbing that his scheme, which is in-
tended as a measure of entanglement, completely fails
for the maximally entangled case.!)

The local hidden-variables model in d = 4 = 2 x 2
dimensions of the Hilbert space is defined by?)

(Wla-o®b-olp) = /A p(NdAa(, Nb(, N), (1)

where a and b are 3-dimensional unit vectors, o stands
for the Pauli matrix, and a(y, A) and b(y, A) are di-
chotomic variables assuming the eigenvalues +1 of a-o
and b - o, respectively. One can show that this lo-
cal hidden-variables model does not satisfy the linear-
ity of the quantum mechanical probability measure in
the sense (Yla-oc@b-olY) + (Wla-c @b o) =
(Yla-o @ (b+Db')- o) for non-collinear b and b’.
If the linearity of the probability measure is strictly
imposed, which is tantamount to asking that the non-
contextual hidden-variables model in d = 4 gives the
CHSH inequality |(B)| < 2 uniquely,? it is shown that
the hidden-variables model can describe only separable
quantum mechanical states®

(Wla-o @b olp) = / pO)dha(s, )
X/pg(/\z)d)\gb(1/),>\2). (2)

In this case, it is shown that Hardy’s model becomes
trivial. Although Hardy’s paradox is interesting as an
experimental test of local realism, its mathematical ba-
sis is less solid than hitherto assumed.

Hardy’s model

Hardy defines the projection operators®
Ui = ui){ui|, D; = |d;)(dil, (3)
with ¢ = 1,2, and
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for the entangled state |¢) = a|+)1|+)2 — B]—)1]—)2
with o? + 82 = 1.
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|ui) = [BY214)i + a? )],

i) B4 = a?2|=)i] (4)
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He then shows the relations
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(|U1Uz]y) = 0, (8)

with 0 < aff < 1/2.

In the hidden-variables model, the projection op-
erators are assigned their eigenvalues; for example,
D1(¥,\) = 1 or 0, depending on the hidden-variable
A. Relation (7) implies [ dAp(A)D1 (¢, A)D2(10, X) # 0
for 0 < af < 1/2 and thus

Di(1,A) =1 and Dy(1h, \) = 1 (9)

for some A, while (8) implies [ dAp(A\)U (¢, \)Us (1), A) =
0 and thus

for all \. On the other hand relations (5) and (6) imply

Di(p,N) =1= Us(,\) =1,
D2(¢7>‘) =1= U1(¢7>\) =1, (11)

respectively, where = means ”inevitably implies”.

For the entangled state with 0 < a8 < 1/2 except
for a8 = 1/2, which implies the maximum entangle-
ment, the relations (9)-(11) are inconsistent.!) This is
called Hardy’s paradox, which shows the inconsistency
of local realism with entanglement except for the max-
imally entangled case without referring to inequality.

On the other hand, for a pure state, Bell’s theorem
|(B)| < 2with B =a-c®(b+b’)-.c+a’-c®(b—b’)-c for
any a, a’, b, and b’ implies®) relation (2), namely, the
separable state. The separable state in Hardy’s model,
which is consistent with local realism, imlies &« = 1 and
B = 0, for example, for which [¢)) = |+)1|+)2 while
Ui = |—=)is(—| and D; = |=);:(—]|. In this case,

(Ur) = (Uz2) = (D1) = (Do) = 0, (12)

and all the correlations vanish; thus, Hardy’s model
becomes mathematically trivial. Hardy’s model is in-
consistent with local realism by construction.
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