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The purpose of this paper is to derive the analytic
expression for the angular momentum (I) dependence
of the moment of inertia (MoI) from the microscopic
many-body theory both for even-even and odd-mass
nuclei. The I-dependence of MoI has been proved to
be essential in simulating triaxial, strongly deformed
(TSD) bands in a series of papers.1–4)

We adapt the approximation developed for the gap
(Δ) dependence of the ratio of MoI (J) to the rigid-
body value (Jrig).5,6) It assumes that only large ma-
trix elements of single-particle angular momentum of
(jx)αβ contribute to J with a common excitation en-
ergy of δ(= εβ − εα), where εα denotes the single-
particle energy of the level α. We apply this approxi-
mation to the gap equation including the Coriolis anti-
pairing (CAP) effect7) through the second-order per-
turbation to the cranking term.8,9)

When Δ is larger than half of the single-particle level
distance d, we can apply a definite integral for the gap
equation with the CAP effect. When Δ is smaller than
half of d, we propose the finite sum method with the
picket-fence approximation for the level distribution.
In this case, it is proved that Δ never tends to zero,
and there is no sharp phase transition from the super-
conducting state to the normal state. Neglecting the
higher order in 2Δ/δ for the case Δ < d/2 (finite sum
method), we express MoI as an analytic function of I.

In Fig. 1, we compare the approximate solution be-
tween even-even and odd-mass nuclei as functions of I
measured from the band-head angular momentum I0.
Usually, I0 = 0 for even-even nucleus, while I0 �= 0
for odd-mass nucleus, for example, I0 = 13/2 for the
TSD yrast band in 163Lu.10) We choose the single-
particle energy for a valence nucleon as ε� = 0.6 MeV
above the Fermi surface, and the initial pairing gap at
I=I0 for odd mass as 0.6 MeV, smaller than 0.8 MeV
for even-even nucleus (blocking effect). The blocking
effect reduces the starting value of Δ and increases
that of the MoI. In odd-mass case, there is a term
that correlates the single-particle state of � with α
through (jx)2α�. The matrix element of (jx)2α� is cho-
sen to be 12 for εα > ε� and 10 for εα < ε�. The
other parameters are the same as those for the even-
even case. We have started both approximate solutions
with Δ = 0.15 MeV corresponding to I−I0 ∼15, while
d = 0.4 MeV.

As is seen in Fig. 1, the main difference between
even-even (dashed line) and odd-mass (solid line) nu-
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Fig. 1. Comparison of the ratio J/Jrig in the approximate

sum method as functions of I-I0 for even-even (dashed

line) and odd-mass (solid line) nuclei.

clei is from the blocking effect. Then, both curves in-
crease gradually, and approach the value 1. The MoI
of odd-mass case is chosen to be slightly larger than
that of the even-even case. The curves become con-
vex upward before they reach to rigid-body values.
This upward convexity is also necessary for explain-
ing the energy sequence of TSD bands.4) For the case
of Δ ≥ d/2 (definite integral), J goes to Jrig around
I−I0 ∼ 17 or 18 (sharp phase transition). Even in this
case, odd-mass nuclei show an upward convexity be-
fore the phase transition at I=17 ∼ 18. Because of
larger I0, the slow phase transition occurs at larger I
for odd-mass nuclei than for even-even nuclei.
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Recent progress and open issues on pseudospin and spin symmetries†

H. Z. Liang,∗1 J. Meng,∗1,∗2 and S.-G. Zhou∗3

Pseudospin symmetry (PSS)1,2) was introduced to
explain the near degeneracy between pairs of nuclear
single-particle states with the quantum numbers (n−
1, l + 2, j = l + 3/2) and (n, l, j = l + 1/2). They
are regarded as pseudospin doublets by defining the
quantum numbers (ñ = n − 1, l̃ = l + 1, j = l̃ ± 1/2),
as illustrated in Fig. 1.
This observation raised a fascinating question

whether such near degeneracy is accidental (a degen-
eracy not explained by an obvious symmetry) or due
to symmetry breaking (more descriptively hidden sym-
metry). Since PSS was recognized as a relativistic sym-
metry in the 1990s,3) many special features, including
the spin symmetry (SS) for anti-nucleons,4) and many
new concepts have been introduced in relevant stud-
ies, which led to several exciting discoveries during the
past decade.
In this review article,† we intended to systemati-

cally provide a comprehensive overview on the recent
progress. The PSS and SS in various systems and po-
tentials were discussed based on the following aspects:

• From stable nuclei to exotic nuclei
• From non-confining to confining potentials
• From local to non-local potentials
• From central to tensor potentials
• From bound states to resonant states
• From nucleon spectra to anti-nucleon spectra
• From nucleon spectra to hyperon spectra
• From spherical nuclei to deformed nuclei

Then, three of the open issues in this field were select-
ed and discussed in detail, i.e., the perturbative nature
of PSS, the puzzle of intruder states, and the super-
symmetric (SUSY) representation of PSS.
For the perturbative nature of PSS, we emphasized

that the symmetry breaking behaves perturbatively
depending on whether an appropriate symmetry limit
is chosen and an appropriate symmetry-breaking term
is identified. As long as an appropriate symmetry limit
is chosen, the nature of PSS is indeed perturbative.5)

For the puzzle of intruder states, we showed several
different features about this puzzle, i.e., the bound s-
tates in the non-confining or confining potentials, the
bound and resonant states identified by the zeros of
Jost function,6) a continuous transformation between
SS and PSS, and the SUSY transformation of the PSS
scheme. By doing so a number of “contradicting” re-
sults in the literature for the spin (pseudospin) part-
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Fig. 1. Schematic nuclear single-particle spectrum. Pairs of

single-particle states in braces are defined as the pseu-

dospin doublets.

ners have been clarified explicitly.
For the SUSY representation of PSS, we pointed out

one of the promising ways for understanding the PSS
and its symmetry breaking, by combining the simi-
larity renormalization group, the SUSY quantum me-
chanics, and the perturbation theory.7) Meanwhile, ap-
plication of the SUSY technique directly to the Dirac
equations, which have non-trivial scalar and vector po-
tentials, remains an interesting and open proposition.

Another important issue is the experimental signals
of these symmetries. So far, several nuclear structure
phenomena have been interpreted directly or implicit-
ly by the PSS, including nuclear superdeformed con-
figurations, identical bands, quantized alignment, and
pseudospin partner bands. The relevance of PSS in the
structure of halo nuclei and superheavy nuclei was also
pointed out. More experimental evidences for PSS are
highly desired for future studies.
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