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The πγ → ππ transition and the ρ radiative decay width
from lattice QCD†
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Lattice QCD calculations of hadronic matrix ele-
ments of external currents are straightforward as long
as the initial and final states contain no more than a
single, stable hadron. For multi-hadron states, how-
ever, the relation between the finite-volume matrix
elements computed on the lattice and the physical
infinite-volume matrix elements of interest is quite
nontrivial, and is known only for certain cases. The
formalism for 1 → 2 transition matrix elements was
pioneered by Lellouch and Lüscher in 2000,4) and was
later generalized by other authors to more complicated
systems.5–10)

Our collaboration is using this formalism to compute
several 1 → 2 transition matrix elements of interest
in high-energy and nuclear physics, including semilep-
tonic weak decays such as B → ππℓν̄. The present
work considers the electromagnetic process πγ → ππ,
where we take the ππ system in a P wave and isospin
1, and allow the photon to be virtual. The hadronic
matrix element for this process can be written as

⟨ππ|Jµ|π⟩ = 2iV(q2, s)
mπ

ϵνµαβϵν(P, m)(pπ)αPβ , (1)

where P and ϵ are the four-momentum and polar-
ization of the two-pion final state, pπ is the four-
momentum of the single-pion initial state, and the
amplitude V(q2, s) depends on the two scalar vari-
ables q2 = (pπ − P )2 and s = P 2. Our calculation
was performed with 2 + 1 flavors of clover fermions,
at a pion mass of approximately 320 MeV. Our re-
sults for V(q2, s) are shown in Fig. 1. This am-
plitude shows the expected enhancement associated
with the ρ resonance, which corresponds to a pole
at spole ≈ m2

ρ + imρΓρ. One very interesting result,
seen for the first time, is the following: for large s,
V(q2, s) falls off significantly slower compared to what
one would expect for purely resonant behavior.

The residue of V(0, s) at s = spole is equal to the
product of the ρ-ππ and ρ-πγ couplings. Our re-
sult for the photocoupling is |Gρπγ | = 0.0802(32)(20),
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Fig. 1. Our results for the πγ → ππ transition amplitude

as a function of the ππ invariant mass and the photon

virtuality. The magenta boxes show the 1σ uncertain-

ties in a
√
s, a2q2, and V/a.

where the first uncertainty originates from the two-
point and three-point function fits, while the second
uncertainty is an estimate of the parametrization de-
pendence in the analytic continuation. Despite the
heavier-than-physical light-quark masses, the lattice
result for |Gρπγ | is already close to the value extracted
from the measured ρ radiative decay width.11)
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