
RIKEN Accel. Prog. Rep. 54 (2021)

Structure of 12C studied by the no-core Monte-Carlo shell model

T. Abe,∗1 P. Maris,∗2 T. Otsuka,∗1,∗3 N. Shimizu,∗4 Y. Utsuno,∗5,∗4 and J. P. Vary∗2

Carbon-12 is of particular importance in our life. This
nucleus is produced by the triple-α reactions through the
second 0+ state known as the Hoyle state. The proper-
ties of this state are still being investigated actively both
in the experimental and theoretical ways. On the theo-
retical side, ab initio approaches for low-energy nuclear
structure calculations have been developed rapidly in re-
cent years, owing to recent computational and method-
ological developments. Here, we report the low-lying
states of 12C examined by the ab initio calculations in
the no-core Monte Carlo shell model (MCSM).1)

We have performed the large-scale calculations in the
no-core shell-model (NCSM) method,2) applying the
MCSM technique for conventional shell-model calcula-
tions.3–5) The no-core MCSM calculations have been
done with 100 basis states in the basis space of Nshell = 7
with the harmonic-oscillator energy of h̄ω = 20 MeV. We
have adopted the Daejeon16 NN interaction,6) which is
based on an NN interaction from chiral effective field
theory (χEFT).

Figure 1 shows preliminary results of the no-core
MCSM calculations in comparison with the experimen-
tal data.7) In Fig. 1, the absolute energies and tran-
sition strengths for three low-lying states are shown.
The no-core MCSM results with the Daejeon16 inter-
action provide a reasonable agreement with the exper-
imental data for the ground 0+ and the first-excited
2+ states. The experimental ground-state energy is
−92.16 MeV, while our result is −91.9 MeV and well
reproduces the no-core full-configuration (NCFC, one of
the other NCSM approaches) result with the same in-
teraction of −92.9(1) MeV.6) The point-proton radius
for the ground state is ∼2.29 fm both in the no-core
MCSM and the NCFC methods, corresponding to the
experimental value of 2.33 fm. The excitation energy
of the first-excited 2+ state is 5.01 MeV in the no-core
MCSM and 4.57(15) MeV in the NCFC. These ener-
gies are also comparable with the experimental value of
4.44 MeV. The electric quadrupole and monopole tran-
sition strengths are also in reasonable agreement with
the experimental values.

The excitation energy of the second 0+ state, however,
is higher than the experimental value by ∼3 MeV and the
point-proton radius is 2.60 fm, which is smaller than the
values by the phenomenological calculations, typically
larger than 3 fm (see, for example, Ref. 8) and references
therein). It is because the Hoyle state is believed to
have the loosely-bound three-α-cluster structure and is
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Daejeon16 NN, Nshell = 7, hw = 20 MeV

w/o energy-variance extrapolation

Fig. 1. Excitation spectra of 12C. The right (left) side in the
figure shows no-core MCSM results (experimental data)
with the red (black) color. The energy levels of three
low-lying states are shown by horizontal bars. The elec-
tric quadrupole and monopole transition strengths are de-
noted by arrows. The experimental data are taken from
Ref. 7).

challenging to be described in the harmonic-oscillator
basis at least with the basis space employed here. It is
awaited to extrapolate our results obtained in the finite
basis-space size into the infinite basis-space-size limit so
as to compare with the experimental values and also
the other theoretical calculations in more detail. Based
on our preliminary calculations, the investigation of the
intrinsic structure of 12C is currently underway, aiming
to elucidate the α-cluster structure in light-mass nuclear
systems from first principles.
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Double charge-exchange phonon states†

X. Roca-Maza,∗1,∗2 H. Sagawa,∗3,∗4 and G. Colò∗1,∗2

The possibility of inducing double charge-exchange
(DCX) excitations by means of heavy-ion beams at
intermediate energies has recently fostered interest in
new collective excitations such as double isobaric ana-
log states (DIAS) and double Gamow-Teller giant res-
onances (DGTR). A research program based on a new
reaction, (12C, 12Be(0+2 )), is planned at the RIKEN
RIBF facility with high-intensity heavy-ion beams at
the optimal energy of Elab = 250 MeV/nucleon to ex-
cite the spin-isospin response.1) A big advantage of
this reaction is based on the fact that it is a (2p, 2n)-
type DCX reaction, and one can use a neutron-rich
target to excite DGTR strength. In this report, we
present some formulas to evaluate different combina-
tions of the average excitation energies of DIAS and
DGTR by using commutator relations for the dou-
ble isospin

∑A
i,j=1 t−(i)t−(j) and spin-isospin operator∑A

i,j=1 σ(i)t−(i)σ(j)t−(j). Here, t = τ/2, and σ and
τ denote the Pauli matrices in spin and isospin space,
respectively. Specifically, we present formulas to es-
timate EDIAS − 2EIAS from the most relevant isospin
symmetry breaking (ISB) terms in the nuclear Hamil-
tonian and EDGTR −EDIAS − 2(EGTR −EIAS) from a
simple albeit realistic Hamiltonian including separable
residual interactions.
The expectation value for the energy of the DIAS is

defined as

EDIAS ≡ ⟨DIAS|H|DIAS⟩ − ⟨0|H|0⟩ , (1)

where |0⟩ represents the ground state, and

|DIAS⟩ ≡ T−|IAS⟩
⟨IAS|T+T−|IAS⟩1/2

(2)

is the definition of the DIAS state in terms of
the IAS that, in turn, can be written as |IAS⟩ ≡
T−|0⟩/⟨0|T+T−|0⟩1/2, where T+ =

∑A
i t+(i) and T− =∑A

i t−(i) are the isospin raising and lowering opera-
tors, respectively.
Starting from Eq. (1) and the definitions of DIAS

and IAS previously given, one may write the excitation
energy of DIAS as

EDIAS =
⟨0|[T 2

+, [H, T 2
−]]|0⟩

⟨0|T 2
+T

2
−|0⟩

, (3)

assuming that the ground state has good isospin;
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in other words, there is no isospin mixing, and
T+|0⟩ = 0. Remembering that the EIAS is written
as, within the same approximation (i.e., no isospin
mixing in the ground state), EIAS = ⟨IAS|H|IAS⟩ −
⟨0|H|0⟩ = ⟨0|[T+, [H, T−]]|0⟩/⟨0|T+T−|0⟩, one can
eventually write

EDIAS = 2EIAS +
⟨0|[T+, [T+, [[H, T−], T−]]]|0⟩

2(N − Z)(N − Z − 1)
. (4)

The energy of the double GT state can be defined in
an analogous way to Eq. (3) as

EDGTR =
⟨0|[O2

+, [H, O2
−]]|0⟩

⟨0|O2
+O

2
−|0⟩

, (5)

where the GT transition operators are O± =∑A
i σz(i)t±(i). After some algebraic manpulations, we

can rewrite the energy of DGTR (5) as

EDGTR = 2EGT +
⟨0|[O+, [O+, [[H,O−], O−]]]|0⟩

2(N − Z)(N − Z − 1)
.

(6)
Double GT and IAS average excitation energies have
been determined for the first time using double and
quartic commutator relations. In order to pro-
vide semi-quantitative theoretical estimates, we have
adopted two approximations. First, an independent
particle picture has been assumed. We have also pro-
vided expressions in which, by simplifying further, the
neutron and proton distributions have been taken as
hard spheres. This simplification has turned out to be
very useful to capture the main terms dominating the
calculated quantities.
In conclusion, within our approach, double IAS and

GT resonance energies in neutron-rich nuclei are dom-
inated by the same physics as their single counter-
parts because the main contribution is from 2EIAS

and 2EGTR, respectively. Hence, the effect of two-
body Coulomb interaction has a decisive effect on the
average energy EDIAS, while the spin-orbit and resid-
ual isospin and spin-isospin interactions play a sub-
stantial role in the average energy EDGTR − EDIAS.
More specifically, we have found that the corrections
due to quartic commutators follow the approximate
laws EDIAS − 2EIAS ≈ 3

2A
−1/3 MeV (even the isospin

mixing effects are accounted in EIAS) and EDGTR −
EDIAS − 2(EGTR − EIAS) ≈ 16A−1 MeV.
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