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Trajectory in 2D plot of IS and IV densities of 48Ca and 208Pb†

S. Yoshida,∗1 H. Sagawa,∗2,∗3 J. Zenihiro,∗2,∗4 and T. Uesaka∗2

Recently, the neutron skin thicknesses of doubly
closed shell nuclei 208

82Pb126 and 48
20Ca28 have been in-

vestigated intensively. Theoretical studies with mod-
ern energy density functionals (EDFs) indicate that the
thickness of the neutron skin, ∆rnp ≡ rn− rp, embodies
the stability of pure neutron matter and provides im-
portant information on the symmetry energy of neutron
matter equation of states (EoS), which is a sum of the
well-known EoS of the symmetric nuclear matter and
the symmetry energy. The two EoSs govern the forma-
tion of not only nuclei but also astrophysical phenomena
such as neutron stars and supernova explosions.

In this paper, we propose a model to examine the de-
tails of the symmetry energy by using the isoscalar (IS)
and isovector (IV) density distributions. The neutron
skin is an integrated quantity extracted from neutron
and proton density distributions. However, the radial
density distributions will provide more information to
elucidate quantitatively the EoS of both nuclear matter
and neutron matter. To this end, it is essential to study
the radial dependence of IS and IV densities, which can
be extracted from neutron and proton densities.

The IS and IV densities are defined as ρIS(r) =
ρn(r) + ρp(r) and ρIV(r) = ρn(r) − ρp(r), respectively.
Experimental IS and IV densities of 48Ca1) are plotted
in Fig. 1. The solid black curve sandwiched by the dot-
ted lines is the experimental trajectory of IS versus IV
densities at different radii r. The equi-energy contour
lines of HF EDF, ε(ρn, ρp) = ε(ρIS, ρIV) = constant, are
calculated using SAMi-J27 and plotted for the values
from 3 MeV at ρIS = ρIV ≈ 0 to −15 or −16 MeV at the
saturation density ρIS ≈ 0.16 fm−3 with an energy step
of 1 MeV.

The dashed lines correspond to the constant IV den-
sity line ρIV = ρIS(N − Z)/A of the asymmetric nu-
clear matter. The experimental trajectory is above the
constant density limit in the surface region. This fea-
ture suggests a strong IV pressure to push the IV den-
sity towards the surface region rather than the interior
of nucleus. The Fermi liquid of a finite nucleus may
fill the valley determined by EDF from the bottom at
approximately ρIS = 0.16 fm−3 to the top of valley at
ρIS = ρIV = 0.0 fm−3. The trajectory plots are started
from the right-hand side at r = 0 fm and ends at the
left corner at r = 6 fm. The dots on the solid line in-
dicate different radius points with r = 0, 1, 2, 3, . . . fm
from the right to the left. The positive IV density at
r = 0 fm reflects a larger neutron density than that of
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Fig. 1. Trajectories of isoscalar (IS) and isovector (IV) den-
sities of 48Ca. The experimental curve (black solid line)
is compared with theoretical ones with Skyrme interac-
tions. The equi-energy contour lines are calculated using
the SAMi-J family. The equi-energy contour lines are
plotted for SAMi-J27. See the text for details.

protons at the central region corresponding to r = 0 fm.
Keeping the ρIS almost constant, the experimental curve
rises to the surface region at r = 3 fm, where the dots
are separated largely because of a rapid change in the
IV density. This can be understood qualitatively from
a flat contour map around the IS density ρ = 0.16 fm−3

so that the IV density can have large freedom within the
limit of the equi-energy contour line.

We can see a clear J-dependence for the enhancement
of IV density at r = 4 fm; a larger J value yields a
greater neutron density at the surface. Compared with
the experimental data, SAMi-J27 shows the best agree-
ment in the entire region of this plot.

In summary, we propose a new 2D plotting method
of IS-IV densities to extract not only the empirical sym-
metry energy coefficients J , L, and Ksym, but also the
asymmetric isospin term Kτ in the nuclear incompress-
ibility. We found strong correlations between the curva-
ture of the 2D density at the density ρIS = 0.1 fm−3 and
the symmetry energy coefficients J , L, and Kτ . The
optimal values are found to be J = 27.2 MeV, L =
31.6 MeV, Ksym = −154.7 MeV, and Kτ = −300.6 MeV
for the SAMi-J EDF from the IS-IV density plots of 48Ca
and 208Pb.
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Energy-weighted sum rule for Gamow-Teller giant resonances in
high-spin isomeric states of N = Z nuclei†

M. Sasano,∗1 H. Sagawa,∗1,∗2 T. Suzuki,∗3,∗4 and M. Honma∗2

Among collective modes,1) the Gamow-Teller (GT)
giant resonance is an interesting excitation mode. It is
a 0 h̄ω excitation that is characterized by the quantum-
number changes in the orbital angular momentum
(∆L = 0), spin (∆S = 1), and isospin (∆T = 1).
It is induced by the transition operator στ .

Recently, an experimental project was proposed to
measure the GT transitions from the 52Fe(12+) high-
spin isomeric state provided as an RI beam.2) Inspired
by this, herein, we derived an energy-weighted sum
rule (EWSR) to estimate the energies of GT giant res-
onances in high-spin isomeric (HSI) states in N = Z
nuclei and evaluated the spin and isospin residual inter-
actions by comparing the EWSR with the shell model
calculations.

The sum rules provide a reliable tool for evaluating
the natures of giant resonances. In the calculations of
sum rules, the contributions from all the final states
are summed up. Therefore, the sum-rule values solely
depend on the properties of the initial ground state
and the Hamiltonian of the system, but they are not
sensitive to the details of the final states. Roughly
speaking, the non-energy-weighted sum rule (NEWSR)
provides a criterion for the collectivity of the observed
resonances, while the EWSR provides a measure of the
interaction strength driving the oscillation.

By dividing EWSR with NEWSR, the average en-
ergy of the resonance can be derived. We found that,
with the simple Bohr-Mottelson Hamiltonian,3) the av-
erage energy relation is written as

Eν=−1
GT − Eν=−1

M1 = 4
κστ − κσ

A
⟨i |S0| i⟩ . (1)

Here, κστ and κσ are the spin-isospin and spin coupling
constants used in the hamiltonian. A is the mass num-
ber of the nucleus. ⟨i |S0| i⟩, and Eν=−1

GT and Eν=−1
M1

correspond to the expectation value of the spin excess
along the elongation axis of the nucleus, the average
energies of the GT and M1 transitions, respectively.

This relation is analogous to the average energy re-
lation derived in Ref. 4) for N > Z 0+ nuclei. In the
latter case, the left-hand side of the relation is the en-
ergy difference between the GT giant resonance and
the isobaric analog state. ⟨i |S0| i⟩ in the right-hand
side is replaced with the neutron excess N −Z. Thus,
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instead of κστ−κσ, κστ−κτ appears. The GT energies
in high-spin isomers with N = Z have different sensi-
tivies from those in N > Z 0+ nuclei. This is because
these states have different symmetries in the spin and
isospin space.

We used the newly derived energy relation to ana-
lyze the results of the shell model calculations for the
GT transition from 52Fe(12+) and 94Ag(21+) N = Z
high spin isomers. In the shell-model calculations, the
effective interactions, GXPF1J5) and PIGD5G36) were
used for Fe and Ag, respectively. From the analysis,
κστ − κσ was derived as 20.4–20.5 MeV. By assuming
a κστ value of 23 MeV, the strength of the spin resid-
ual interaction, κσ was deduced as 2.5 MeV. Thus, we
demonstrated that the GT energies in high spin iso-
mers are useful for evaluating the short-range part of
the spin residual interaction, which is important to de-
scribe the onset of the pion condensation in nuclear
matter.

We thank Haozhao Liang for the valuable dis-
cussions. This work was supported in part by
JSPS KAKENHI (Grant Numbers JP19K03858 and
JP19K03855).
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