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A fully microscopic model of total level density in spherical nuclei†

N. Quang Hung,∗1,∗2 N. Dinh Dang,∗3 L. TanPhuc,∗1,∗2 N. Ngoc Anh,∗4 T. Dong Xuan,∗1,∗2 and T. V. Nhan Hao5

The nuclear level density (NLD) is one of impor-
tant inputs for the calculations of low-energy nuclear
reactions and astrophysics. It also contains various in-
formation on the internal structure of atomic nuclei
such as single-particle levels, pairing correlations, spin
distributions, collective (vibrational and/or rotational)
excitations, nuclear thermodynamics, etc. Although
many theoretical studies have been carried out during
the last seven decades to find a reliable and fully micro-
scopic model of NLD, there has still been lacking a fully
microscopic NLD model. Recently, we have proposed
a microscopic NLD model based on the exact pairing
plus independent-particle model at finite temperature
(EP+IPM).1) The latter, which has a very short com-
puting time and contains no fitting parameters to the
experimental NLD data, can describe quite well the
NLDs and thermodynamic properties of several hot
nuclei. Nevertheless, the EP+IPM still contains two
shortcomings, which limit its fully microscopic foun-
dation. These shortcomings come from the use of em-
pirical formulas for the spin cut-off σ and collective
enhancement factors. The latter is a multiplication of
the vibrational kvib and rotational krot enhancement
factors.1)

In this paper, we develop a fully microscopic ver-
sion of the EP+IPM, limited to spherical nuclei (rota-
tional enhancement factor krot = 1), in which three
significant improvements are included. First, the
single-particle spectra are taken from the Hartree-
Fock mean field plus exact pairing (HF+EP) with an
effective MSk3 interaction,2) instead of the Woods-
Saxon potential in the original version of EP+IPM.
Second, the spin cut-off parameter is directly calcu-
lated by using the statistically thermodynamic method
σ2 = 1

2

∑
k m

2
ksech

2
(
1
2Ek/T

)
, where mk is the single-

particle spin projection (in the deformed basis) and
Ek is the quasiparticle energy. Last, the vibra-
tional enhancement of NLD is directly calculated
based on the vibrational partition function Zvib(T ) =∑

λ,i(2λ+ 1)e−Eλ
i /T , where Eλ

i are all the eigenvalues
obtained by solving the self-consistent HF+EP+RPA
(SC-HFEPRPA) equation3) for the corresponding mul-
tipolarity λ, which runs from 0 to 5. The total parti-
tion function of the system is then calculated by com-
bining this vibrational partition function with that
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Fig. 1. Total NLDs obtained within the fully microscopic
EP+IPM by gradually adding higher collective vibra-
tional modes λ to the vibrational partition function ver-
sus the experimental data for 60Ni (a) and 90Zr (b).
Experimental data are taken from Refs. 4–8).

of the EP+IPM (without vibrational enhancement),
namely lnZ ′

total = lnZ ′
EP+IPM + lnZ ′

vib, where Z ′(T )

is the excitation partition function.1)
The numerical tests for two spherical 60Ni and 90Zr

nuclei (see Fig. 1) show that the monopole and dipole
excitations (λ = 0+ and 1−) have little enhancement to
the total NLD. By adding the quadrupole λ = 2+ and
octupole 3− excitations, the EP+IPM NLDs are in ex-
cellent with the experimental data. However, adding
higher hexadecapole λ = 4+ and quintupole λ = 5−

excitations enhances the NLD further but the results
obtained slightly overestimate the experimental data
because these states are always located at a very high-
excitation energy, which goes beyond the vibrational
excitation region. The results shown in Fig. 1 are of
particular valuable as they are the first microscopic
calculation, which confirms the important role of the
quadrupole and octupole excitations in the description
of NLD. We also found that the vibrational enhance-
ment factor obtained within our fully microscopic ap-
proach is smaller than that calculated using the em-
pirical and phenomenological formulas. In addition,
the spin cut-off factor obtained within our microscopic
approach are larger than that obtained by using the
empirical formula.
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Isobaric analog state energy in deformed nuclei: A toy model†

X. Roca-Maza,∗1,∗2 H. Sagawa,∗3,∗4 and G. Colò∗1,∗2

The effects of deformation on the energy of the iso-
baric analog state (IAS) are studied through microscopic
deformed Hartree-Fock-Bogolyubov calculations. A sim-
ple yet physical toy model is also presented to provide
guidance when predicting unknown IAS energies of de-
formed nuclei. The deformed HFB calculations are per-
formed for several neutron-deficient medium-mass and
heavy nuclei to predict the IAS energies.

Isospin is one of the most important (approximate)
symmetries in nuclei. The validity of isospin symmetry
has been established by the experimental observation
of IASs by charge-exchange reactions. Recently, these
states have been investigated extensively in connection
with the symmetry energy, particularly to determine the
so-called slope parameter L. Thus far, theoretical studies
of IAS have mainly focused on spherical nuclei such as
48Ca, 90Zr, and 208Pb. However, a large number of de-
formed nuclei exist, but transparent information on the
effects of deformation on IAS is still lacking. In this pa-
per, we derive a general formula for the effects of defor-
mation on the Coulomb direct contribution to the energy
of the IAS and provide a simple albeit physical model.
Then, we study several neutron-deficient medium-mass
and heavy nuclei, which are now planned to be studied
experimentally in RCNP, Osaka within the LUNESTAR
project.

The IAS energy EIAS can be defined as the energy
difference between the analog state |A⟩ and the parent
state |0⟩ as follows:

EIAS = ⟨A|H|A⟩ − ⟨0|H|0⟩ = ⟨0|T+[H, T−]|0⟩
⟨0|T+T−|0⟩

, (1)

where T± =
∑A

i t±(i) are the isospin raising/lowering
operators. The direct Coulomb term of IAS energy for
an axially symmetric nucleus can be evaluated as

ECd
IAS = ECd,sph

IAS

[
1− β2nβ2p

4π

+
(β2n − β2p)(β2n + β2p)

4π
+
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2

4π

]
,(2)

where β2n(2p) is the quadrupole deformations for neu-
trons (protons). For β2n = β2p, this reduces to

ECd
IAS = ECd,sph

IAS

[
1− β2

2

4π

]
. (3)

From Eq. (3), one should expect that a larger quadrupole
deformation corresponds to a smaller IAS energy. For
a qualitative understanding of the effect of deformation
† Condensed from the article in Phys. Rev. C102, 064303 (2020)
∗1 Dipartimento di Fisica, Università degli Studi di Milano
∗2 INFN, Sezione di Milano
∗3 RIKEN Nishina Center
∗4 Center for Mathematics and Physics, the University of Aizu

Table 1. Results of deformed HFB calculations with SAMi
EDF.1) All energies are in MeV. EHFB

IAS is the sum of the
direct Coulomb, exchange Coulomb, and isospin mixing
contributions. The deformation effect on IAS energy has
been estimated from the HFB calculations, ∆EHFB

IAS ≡
EHFB

IAS (β2n, β2p)− EHFB
IAS (β2n = 0, β2p = 0).

Nucl. β2n β2p EHFB
IAS Eexp

IAS
2) ∆EHFB

IAS

102
46Pd 0.186 0.174 13.346 −0.162

106
48Cd 0.255 0.256 13.810 −0.089

112
50Sn 0.192 0.199 14.085 14.019 −0.001

120
52Te 0.039 0.042 14.353 −0.001

124
54Xe 0.000 0.000 14.749 0.000

130
56Ba 0.000 0.000 15.114 0.000

136
58Ce 0.126 0.158 15.352 −0.081

138
58Ce 0.040 0.047 15.331 −0.010

142
60Nd 0.000 0.000 15.509 0.000

144
62Sm 0.000 0.000 15.950 16.075 0.000

156
66Dy 0.201 0.225 16.755 −0.003

158
66Dy 0.197 0.217 16.723 −0.028

162
68Er 0.348 0.378 16.975 16.861 −0.112

164
68Er 0.346 0.377 16.881 16.778 −0.110

168
70Yb 0.385 0.413 17.171 −0.212

174
72Hf 0.304 0.319 17.629 −0.091

176
72Hf 0.267 0.276 17.538 17.388 −0.086

180
74W 0.278 0.299 17.911 −0.101

184
76Os 0.335 0.355 18.223 −0.171

190
78Pt −0.147 −0.141 18.649 −0.037

196
80Hg −0.180 −0.187 18.906 −0.070

on the IAS energy, Eq. (3) predicts, for very deformed
nuclei with β2 ≈ 0.8, a relative reduction in EIAS of
approximately 5% with respect to the spherical nucleus.

Table 1 lists the results of deformed HFB calculations
for several neutron-deficient nuclei as predicted by SAMi
EDF. EHFB

IAS is the sum of the direct Coulomb, exchange
Coulomb, and isospin mixing contributions. The defor-
mation effect is also shown as ∆EHFB

IAS , and it varies from
−212 keV in 168Yb at the maximum to zero for no de-
formation cases.

The deformed HFB results reproduce well the experi-
mentally known IAS energies within an error of approx-
imately100 keV and previde a good guide for the ex-
perimental search for new IAS states of these neutron-
deficient nuclei. In general, the deformation effect is
small, but it might be important for the precise predic-
tion of IAS energy within an accuracy of several tenths
of keV.
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