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Analytical method for betatron tune in multi-frequency RFQ

Y. Saito∗1,∗2 and M. Wakasugi∗1,∗3

An electron scattering technique with a self-confining
RI ion target (SCRIT)1) has been successfully veri-
fied for 137Cs.2) Subsequently, the SCRIT facility is
going to research short-lived unstable nuclei, partic-
ularly 132Sn. To realize the electron scattering from
online-produced 132Sn, an isobar filter is necessary.
The electron-beam-driven radioactive isotope separator
for SCRIT (ERIS)3) can provide sufficient amounts of
132Sn; however, the desired isotope is delivered together
with its isobar 132Sb, with which it has a small mass dif-
ference of only 0.002%. Therefore, we need a separator
with a mass-resolving power greater than 40000.
As a mechanism of the high-resolution mass separa-

tor, we are planning to utilize a betatron resonance in-
duced by skew components of the electromagnetic field
in a multi-frequency RFQ (MRFQ). We identified a
sharp unstable line stemming from the skew in numeri-
cal calculation. We study this instability via analytical
computation and strive to find the optimum operation
point for effective isobar separation.
We have conducted an analytical approximation of

the betatron tune values. When applying two colors
of RF, n1ω0 and n2ω0, the equation of motion in the
MRFQ (whose bore radius is r0) with a dimensionless
timescale τ = ω0t/2 = πt/T is written as

x′′ + k(τ)x = 0, y′′ − k(τ)y = 0,

k(τ)=
8 eV (t)

mω2
0r

2
0
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where n1 : n2 is the ratio of two frequencies, and the
dimensionless factors a, q1, and q2 are proportional to
the DC, first RF, and second RF voltages, respectively.
The skew component is neglected. Owing to the linear-
ity and the periodicity of the differential equation, the
method of transfer matrix, Mu, is available, i.e.,(

u(T )
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)
= Mu

(
u(0)
u′(0)

)
(u = x, y).

If a periodic solution exists, the tune νu is defined
as TrMu = 2 cos 2πνu. With a small skew, it is
known that the resonance lines of instability occur along
νx+νy = k (k = 1, 2, 3, · · · ) lines. An analytical formu-
lation of tunes is expected to provide the positions and
the nature of the instability in the stability diagram.
Therefore, we focus on the tunes.
First, we calculate a low-voltage approximation by

integration of the transfer matrix for one priod with in-
duction and extending it using Chebyshev polynomials
Tn:
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Fig. 1. Results of approximations by Eq. (1) and Eq. (2).

The black line represents the contours of the tune ob-

tained via numerical calculation, whereas the colored

map shows those obtained using the approximations.

The difference between the approximation results ap-

pears clearly for ratios of n ≥ 3.
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Second, we develop a square wave approximation. The
exact values of tunes can be obtained when square
waves are applied instead of sinusoidal ones. If an am-
plitude of a rectangular wave is determined to have the
same trace of the transfer matrix as one in a sinusoidal
wave based on the approximation in Eq. (1), the tunes
in the rectangular waves will serve as an approximation
for those in the MRFQ. We calculate the tunes after
simplifying the RFs as follows:

cos 2x →

{
+
√
6/π (0 < cos 2x)

−
√
6/π (cos 2x < 0),

(2)

where x = niτ . These two calculations result in the
tune distribution in the (q1, q2) plane as shown in Fig. 1.
They successfully reproduce the values calculated from
numerical calculations in the low-voltage region. Equa-
tion (2) derives the outline of the tune distribution more
precisely than Eq. (1) does, although Eq. (2) still has
deviations in the high-voltage region.
For our next step, we will not only improve the order

of the analytic calculations shown herein but also con-
sider the benefits of higher harmonics in square waves
instead of those in sine waves in MRFQ. Furthermore,
we are going to conduct a demonstration experiment of
the mass separation via the use of skew components.
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