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Is the solution to the ATDHEF equation unique?

K. Sato*1:*2

The adiabatic time-dependent Hartree-Fock (AT-
DHF) theory is a microscopic theory for describing
large-amplitude collective motion in atomic nuclei. Al-
though several versions of the ATDHF theory have
been proposed since the 1970’s, they encounter difficul-
ties such as non-uniqueness of solutions. To overcome
these problems, Matsuo et al. proposed the adiabatic
self-consistent collective coordinate (ASCC) method.")
Both the ATDHF and ASCC equations are given by
the adiabatic expansion of the invariance principle of
the Schodinger equation

5(¢(q,p)]i0; — H|¢p(q,p)) = 0, (1)

where g and p represent the collective coordinate and
its conjugate momentum, respectively. According to
the generalized Thouless theorem, the state vector in
the ATDHF /ASCC theory can be written in the form
of |p(q,p)) = e'“@P)|¢(q)). In the adiabatic expan-
sion, G is expanded in powers of p, and the expan-
sion only up to the first order is considered in the
conventional ATDHF and ASCC theories. The au-
thor proposed the ASCC theory including the second-
order collective operator, wherein G‘(q, p) is expanded
as G(q,p) = pQW(q) + 1p*Q®(q), and the possible
contribution of Q2 to the collective dynamics is high-
lighted.?) The ASCC equations of motion with Q(Q)
are given by

3(e(a)| H — 9,V QW|(q)) =0,

@I, QW] - P20,V 6(a)) =0,

SO, 3Pl Q)~0,V3,Q () =0,

Q)+ [[H,QM), QW)
~20,0M6(q)) = 0. (5)

Equations (2) and (3) are derived from the O(1)
and O(p) expansions, respectively. Q® contributes
to the equation of O(p); however, it is neglected in the
conventional ATDHF theory. Without Q®, Egs. (2)
and (3) coincide with the ATDHF equations reported
by Villars.>%) Thus, we focus on the Villars ATDHF
theory in this report. In Villars ATDHF theory, the
collective momentum operator P is treated as the dif-
ferential operator id,, which leads to the differential
equation for the state vector |¢(q)). In the ASCC the-
ory, P is treated as an unknown operator, which can be
determined by solving the equations of motion. In the
ASCC theory with Q(Z), the above four equations are
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simultaneously solved. Equations (4) and (5) involve
8qQ(1), and therefore, one has to solve a differential
equation for Q). This is the essential difference from
the conventional ASCC theory without Q(Q). The con-
ventional ASCC equations of motion comprise three
equations, two of which are Egs. (2) and (3). The
last one is derived by considering a linear combina-
tion of Egs. (4) and (5) and eliminating 3,Q"). The
equations derived from Egs. (3)—(5) are reduced to an
eigenvalue problem with eigenvalues w?(q) in Eq. (4).
In the ASCC theory with Q(z)) the differential equa-
tion for Q(l) is solved, and thus, one idea emerges as
a new approach to solve the ATDHF equation, i.e., to
adopt Egs. (3) and (4) by omitting Q® and solve the
differential equations for Q). In fact, Egs. (3) and (4)
without Q® are reduced to one ordinary differential
equation in the matrix form given below.

(1)

d
aququg”: [(A+B)(A-B)+D'-u3] Q\",

(6)

where A denotes the mode index, and D’ = 9,V D
is a contribution from 9,Q(). At an equilibrium
point ¢ = gy where 9,V (go) = 0, Eq. (6) reduces
to the RPA equation. Without loss of generality,
one can set qo = 0. By dividing the both sides by
0,V # 0 and taking the limit ¢ — 0, we get a sin-
gular point of this differential equation. To analyze
its behavior around the equilibrium, we consider the
deviation from the RPA solution Q(Al)(O) by putting
g\l)(q) = &1)(0) + 5Q§\1)(q) and linearizing Eq. (6).
By expanding 0Q\ as 3Q\"(¢) = ¥, 2:(0)Q}" (0),
we obtain the solution zy; = Bxi/(1 — nxi)q +7 exig™,
where 1y = [(w? — w?)/wd]y=0 with the RPA eigen-
frequencies w?2(0). From the initial condition, zy;(q)
should vanish at ¢ = 0. Around the potential mini-
mum, where w3 > 0 and ny; < 0 for A > i, cy; = 0 fol-
lows from the initial condition. However, for A < i, the
initial condition is met for arbitrary cy;, which leads
to the non-uniqueness of the solution that can be in-
terpreted as one of the reasons for the numerical insta-
bility observed in the ATDHF studies. In other words,
an additional condition is necessary for determining
the solution uniquely. More detailed analysis on this
equation will be reported in a future publication.
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