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1 Antisymmetric DWIA Transition Amplitudes

1.1 Distorted wave transition amplitude

The distorted wave transition amplitude for inelastic and charge exchange scattering, A(a,b)B,
can be written as

T =< Xg(,_)Bb V| Aax(H) >

where V is the interaction potential.

1.2 Interaction potential in the impulse approximation

In the impulse approximation', the interaction potential becomes the sum of effective nucleon-
nucleon potentials involved. The interaction potential can then be written

V = /dxldxgdxlldxé pr(x, x1) pp(h, v2) vig(x)xh, T122)

r, = (fi,04,1) (1=1,2)

) x; after the exchange of nucleons 1 and 2 has taken place
pr(zat) = bp(@)ir(h)

1[1;(331), Y (a)); Nucleon field creation and annihilation operators

Nonlocal density operator for the target(T) system

pp(w2,7y) = dp(a2)bp(rh)
Nonlocal density operator for the projectile(P) system
vig() Ty, T1x0) = < :U'lx’z\Vi]xlwg >

where the effective interactions V¢, like Love and Franey interaction?, are responsible for the
direct (¢ = D) and exchange (i = E) reactions, and are assumed to be local.

vig(Zhahy, w129) = < Zhah|VP|zixy > +(=)F < 2hah|VE|zize > P,
where P is the exchange operator for the spatial coordinates.

We further consider the exchange term in the knock-on reactions, in which the projectile a
interacts with the nucleon in the target and ejects it while being captured itself at the same
place where the target nucleon was, say the knock-on exchange term. In this consideration, the
interaction potential becomes

vie = vfd(w) — 21)d(ah — x2) + vz (=) P’

We also assume that the effective interactions contain both central and tensor terms. The tensor
operator3 can be written as

~ . R R R R 2 s
512 = 3(01 . 7“)(0’2 . 7“) — (01 . 02) = Z\/ 47T\/;Y2qT2q
q

where qu is a second rank tensor operator and its matrix elements become
< s'ml|Toglsms > = (sms2q|s'ml)7! < s||Ty||s' > 6(s5)0(s1) with § = v/2s + 1
= (sms2q|sm’)Vv20 for s=1
< s'm|S1a|sms > = Z V 47r\/§(sm52q|5m;)Y2’;
q

'G. R. Satchler, ”Direct Nuclear Reactions” (1983), Sec. 3.10.4 and 15.2.3
*W. G. Love and M. A. Franey, Phys. Rev. C24, 1073 (1981).
3D. M. Brink and G. R. Satchler, ” Angular Momentum, 2nd Ed. (1968)”, Sec. 6.3.3.



1.3 Spacial coordinates chosen

We choose the space coordinates in the direct and exchange processes as follows, which are
shown in Fig. 1,

Ty Relative coordinate in the initial channel, a and A.

75 : Relative coordinate in the final channel after the exchange process, b and B.

7 : Position vector measured from the center of mass of the target system
consisted of an interacting nucleon and (A-1) nucleus.

7o : Position vector measured from the center of mass of the projectile system
consisted of an interacting nucleon and (a-1) nucleus.

7 : Position vector measured from the center of mass of the target system

consisted of an interacting nucleon in the projectile and (A-1) nucleus
after the exchange process.
7 : Position vector measured from the center of mass of the projectile system
consisted of an interacting nucleon in the target and (a-1) nucleus
after the exchange process.
7 : Distance vector between the two interacting nucleons 1 and 2.

In other words, the primed coordinates are those after the exchange of nucleons 1 and 2 has
taken place.

The channel coordinate 7, is related to 7, as seen in Fig.2 where the coordinates are chosen in
the lab system,

—» —v
o 7“ 721,
Bpo= —Lyg 0L g DL 1oL
mA ma mg Mg
. 1 1.
= Fat(—+—)F
ma My
LT
_= ’[”a—|——
1)

We set my — oo, and then pu — m,. We thus have Eq.(3) in the original USO paper. (Hereafter
use it as "[Eq.(3)]”.)

—

. . T
Ta = Tp— —
Mg
Physically, the difference between 7, and 7, arises because of the interchange of the positions of
nucleons 1 and 2 in the exchange process.

In the direct process, the coordinates (7, 7,71, 7) are not independent each other, we choose
(7, 7,71 ) as independent coordinates, and then, as shown in Fig.1,

— — — — — —
ro = To+7r = 1r+re+r

We will break up 7 into 7% and 7 at the first stage and then 7 into 7 and 7, at the second
stage.

- =

In the exchange process, we choose (7, 7,71 ) as independent coordinates, and

&1 L+ 7
ry = ™+ T
Ty = FyAT = T TaAT
o= Tt

a

as seen in Fig.1. At the final stage we break up # into 7, and 7 and need the Jacobian associated
with the transformation of the integral variable from 7 to 7%.



1.4 Antisymmetric DWIA transition amplitudes
The antisymmetric DWIA transition amplitude 7', [Eq.(1)] and [Eq.(2)], can be written as
T = TP +71%
TP — /d’ra/datl/da:g X3 ) (kb,ra) < Bb]vu( P pr(x1, x1)pp(z2, v2)|Aa > X(H(k )
T = (=)
. /CWCL/d:El/d:‘“2 Xb (s 7) < BbJol(7)pr (21, 1) pp (w2, 75)| Aa > (P (Ko, 72)

1.5 Target nuclear density matrix element

In the j-representation, the nucleon field creation and annihilation operators, [Eq.(6a)], can be
written, respectively,

ot _

¢T(‘r1) - jpmpup(bﬂpmanp
p,Vp

wT(xl) = Z &jhthh ¢;hmhn;jh
h,vp,

A;pmpup(aﬂhm”yh) :  single-particle (hole) creation (annihilation) operator
®j,m, (@j,m,) :  single-particle (hole) wave function
Nv,(Mv,) :  isospin part of the single particle (hole) wave function

The target density operator, [Eq.(5a)], can be written

pr(zy,zh) = Oh(z1)dr(a))
= Z jpmpupajhthh¢]pmp¢_7hmhnup?7’/h

ph,vprp,

T I 1 . . .
= Do ()W (Cyy —unftin) Gy, —maldime)
ph,vpvp,jtmetivy

A5 mpuyp &jhmhllh [d)jp ¢§h ]jtmt [771 n;]fq vy

where we use

Bjurn B = D ()T Gy, —mnljeme) (65,85, 1om,
Jemy
* o \1/2—u 1 1 o " *
Moy = (=) (5¥p5 —ltv) Il
ti1v1

and the tilde on the top of hole states indicates the time reversed state with the time reversal
convention,

Giin = (=YD = (=) S, P = (=) b jm
We further define

T — Jh—mn (5 i i at Qi
‘Ajpjﬁjtmtl/pﬂh = Z (=) (Fpmpin, _mh‘jtmt)ajpmp’jpajhmhyh
mpmp,

= [af , a

v ajhbh]jtmt



The target density operator then becomes

prizi,z)) = S BunAL s i 95085 Lo 3l
JpInJtmevprptivy
— 1/2—I/h 1 1
B, = (—) (5 p§>_7/h|t17/1)

The values of 3,,,, are following,

tl 141 I/p 12423 ﬂ

1 1 1/2  -1/2 -1 Charge exchange (pn—1!)
1 0 /2 1/2  1/V2 Inelastic (pp~!)

1 0 -1/2 -1/2 —1/V2 Inelastic (nn~1)

1 -1 -1/2 1)/2 1 Charge exchange (np~1)
0 0 /2 1/2  1/V2 Inelastic(pp~1)

0 0 -1/2 -1/2 1/V2 Inelastic (nn~1t)

Now the matrix element of A in the target system is written as

A> = I5'(IaMajimi|IgMg) < Ip||[a}

T N
< BJA; Govp G i 114 >

pjﬁjtmt’/pljh|
where I = /2T + 1 and < IB||[€LJr a;,7,1j:/[1a > is the spectroscopic amplitude.

JpVp

We now change jj coupling scheme to s coupling® in [gbjpgb;.h] Jemes

(3,95, Liem: = > (f1mz181m1|jtmt)X(€p%jp,Eh%jh;5181jt)[¢£p¢;7h]£1m[1[flﬁg]slml
Lymy, s1my
. tp % Jp
X = jpinlis1i{ b 5 dn
bos1 gt
68 lom = Y0 ()2 Gy o ([Ba(sh
185 s1m1 = 2ﬂp2“h|31m1)£1#pgguh ([ q'( )])
HpHh
& : spin part of the single particle wave function

We put them together to obtain the target density matrix element, [Eq.(7)] and [Eq.(8a)],

< Blpr(z1,77)|A > = S IpNIaMajome|Ip Mp) (Grmg, symajeme)
Jelisitime, my
ptjazmzl (71, Fll) [5165]517711 [nlng]tllﬂ
S 1. 1. .
Plvme, T = D0 Bupn X (s ayni Cr511)
ph7VpVh

< Ipll[a] 45,5, )ic 112 > (00, (PS5, (F)]erm,,

“A. deShalit and H. Feshbach, ” Theoretical Nuclear Physics, Vol.I (1974)”, Sec. V.3



The expression for the diagonal matrix element pr(xi,x1) can be obtained by replacing by
,€(2),n(2) through 71, £(1),n(1), ie.,

t,D =
PTotrmg, (1) = > B X ]pagh jh,5181jt)

ph,vprp

< Iglllal ., a5, il a > [0, (F)SF, (F)leume,

= Z ﬁl’pVhpT,hmel

ph,vpvp,

Z ﬁVPVthTZ1 elml(ﬁ)

ph,vpvp,

1
pre (r) = X(b 3p by Jh,ﬁlsut) < Iglllal ,, a5, 1illTa > VArdy,e,e Re,(r1) Ry, ()

The term p? ¢, is calculated in SUBROUTINE FFCALD, saved as TRHO(rq, £1).

Here we have angular momentum coupling relations,

—

O+ 0, = 03, Jptin=1Js L+5 =7

1.6 Projectile nuclear density matrix element

We assume that the space part of the projectile wave function is in the s-state as is the case for
scattering induced by deuteron, 3He, triton and alpha particles. In the m-representation, the
nucleon field creation and annihilation operators, [Eq.(6b)], can be written, respectively,

dhze) = Y éleheloi(m)e.(2m.(2)

imuv
@P(m) = Zéiéuém?(@)é:(?)ni(?)
LUV
¢; : spatial part of projectile wave function with (i = famy)
§ : spin part
7N, :  1sospin part
¢'(é) :  creation (annihilation) operator with (i, u, /)

The projectile density operator can be written

pp(za,2h) = T/A)L(@)?Z)P(%)
= Y eleii(2)e; (7) enn(2)€5(2) e (2)ms(2)

We assume that the spacial part of the wave function is scalar, and thus ¢ = 0, and that after the
exchange, the spin and isospin parts of 2’ become those of the particle 1 (knock-on exchange).

pp(z2,ah) = Y [e] ¢ loolde, (72) g, (7))o

£

Z [éT é] s2m2 [525%]52?712 Z [6T é]tQ V2 [77277;]@.1/2

S9M2 tovo
where we use

bey (P2)py, (75) = (=)™ (Lamala, —m2|00) [y, (72)dg, (72)]0o



z:(_)z2(€277?252,—mz\OO)éLég2 = [6;26572]00

m2
: 1l .
§M2€u1 = Z(_)I/Q “1(5”257_M1|5m)[52£i]8m
sm
N | A %
Z(—)l/z M1(§M257—M1|3m)CL20u1 = [CTC]sm
1 2
* _ \1/2—1; 1 1 - *
Moty = (=) (5v25, —waltv) [meni]iw
tv
e b L et e et
S () g, i)l = (8
1282

The spatial part of the projectile density matrix element, [Eq.(11)], is

pp(f, ) = Y < bll[e],éloolla > [be, (72) b, (7%)]oo
lo

The spin-isospin part of the matrix element becomes

A

<Ol Jla> = &' (samasamalsymy) < sptp||[--.)||Sata >

We put them together to obtain the projectile nuclear density matrix element, [Eq.(10)]

< blpp (w2, 2h)la > = Z S, Y (samasamalsymy) < bH[CTC]SQtzw]Ha >

Ssamatava

[5251]527712 [772771]t21/2 pP(FZa ’Fg)

The expression for the diagonal matrix element pp(z2,22) can be obtained by replacing by
7:575(1)777(1) through F27€(2)777(2)

Here we have angular momentum coupling relations,

Sy + & = 5o, s9=0 or 1

1.7 Spin and isospin parts of the NN interaction

1) Spin part of transition amplitudes

The spin part of transition amplitude can be written

Uspm = < [glfg]sﬂm|Ul2|[£2£i]82m2 >
1 1 1 1
= Z(—)1/2+02+1/2+01(501§7—Ué|51m1)(502§,—03|52m2)
o
1 1 1,1
Z (zo1=09|sms)(=oh=ol|sm)) < smg|via|sm) >
s 2 72 2“2 § s

where

< smg|via|sml, > Zfk(smskq\sm’S)Yk*q(f)vSk(r)

kq
= VAT Y fr(=) T8k (=) (smesml |k, —q) Yig (F)osk(r)
kq

with fy = 1 for the central part and fo = v/8 for the tensor part.



Summing 5 CG coefficients over o and m’s yields

_ 1 1 1 1
Sum = (I ohlsim) (5025, o lsama)
o,m
1 1 1,1
(501 3 olsm.) (Lo sohsml) (smosm . ~a)
11 11
= (symyisamalk, _q)X(§§S’ 553; s1592k)
11
00) 702 °
= (symisomolk, —q)8°51¢ 5 5 S
S1 S1 k

Thus we have the spin part of transition amplitude,

1 1
' X 2 2 S
VP = N VAr fk T (<)16(s182) (s1masamalk, —)8°81 S L 5 s Vi (Rogk(r)
kq S1 81 k

Here we have angular momentum coupling relations,

_'1—|-§2:E, k=0 or 2

2) Isospin part of transition amplitudes

The isospin part can be obtained by setting £ = 0 and replacing spins by isospins in the spin
part and thus leads

1 1
i 1 ¢
. . o 2 2
Pt — 5(751252)(15114751,—I/1|00)t3t% % % t Ut(’l“)
t1 t1 O
1 1
t1—v1 131 ? ? !
= 5(t1t2)(—) ttl 5 5 t vt(r)
ti t1 O

1.8 Direct and exchange transition amplitudes

The direct (¢ = D) and exchange(i = F) transition amplitudes become

= > Iy IAMAJtmtlfBMB)(f1mz181m1\Jtmt

) (Sama52m2|5bmb)
X < bl|[cT el symatar]|la > VAT frk ™ (=) 18 (s152) (s1my somalk, —q)8352

11 11y
x 2 % s ¢ 0(tite)(—) T § % t
S1 81 tl tl 0

-

< [ dr, [ ari / R CR AT MO ACE N CRATHC R AN O

where we sum over jif1s1t1s2t2k and their z-components.

For the spatial part of the direct transition amplitudes, we need to change the coordinates such
that

—

pp (72, 7y) = p



while for the spatial exchange part, we change the coordinates such that
PE(FLT) = pF (LT
pp(FasTy) = pp(T,T) — pp(Fo, 71, 7)
which will be done in the form factor calculations. (See Section 2.)

t1v1
T b1myg,

We first couple p and Yy (7) which gives

{ A .
:071727,141 Yk*q(r) = Z (_)q(elm& k, _qwtmft)[p’tﬁlﬁmel Yk*q(r)]ftmgt
tmy,
We combine 3 CG’s, considering s1 = sy = s¢,

3CG = ) (Gmgsimyljimy)(simesimyk, —q) (Eome, k, —qlimy,)

mi
= Jik(semegemg, [ €me, )W (selisily; jik)
We further use
Ig (IaMajimeIgMp) = (=)A= MA(I\Mulp, —Mp|ji, —mj,)j; "
8y M (samasemelsymy) = ()% (sgmasy, —mp|se, —me)8;

We finally obtain the transition amplitudes T%(i = D, E) of [Eq.(12)],

T = Y () MAI M AT, —Mp|je, —mj,) (=) (sama sy, —mp|s, —my)
Jtstlimy,
% ( . ) ‘€ ) Z jtStVl TZ
STt JeMj, | €10, QL 5140kl tisilikbmy,
kl1t1

where (symyjim;,[€ymy,) is calculated in the MAIN program and stored as TFAC(my, mj,, 4;).

The expansion coefficient aii‘:’z; Kty [Eq.(13)], is

Qs = Wsilysilys k)& T < bll[elely i, lla >

51t1~l/1

The details of « coefficients are presented in Chapter IV for several different reactions. SUB-
ROUTINE AFACAL calculates coefficients and stores as ALPHA(Isk, ¢;). We define the force

components, [Eq.(16)],

1 1 1 1
. ) |l 2 3 s 3 gt .
Vi = vapseyer! LoD oWt U o
st s1 s1 k t1 t1 0O

Where Pp = 1 and Pg = (—)**"*1 while fo = 1 and fo = v/8. The interaction potential

Vi ¢ k() is calculated in the SUBROUTINE EFFINT(D,E) and stored as VV(t1s1k,7,). The
number of elements of {tsk} is 6 and real and imaginary parts make 12.

Here we have angular momentum coupling relations,

Zl—’—e_;:];v Zﬁ+‘§t:jt7
S§1 — S92 = S¢

The direct and exchange transition amplitudes, [Eq.(14)], are then given by

D S ()% =\pD - 7o
Ttls1€1kftmet - /dTaXl() )*(kb’ra)Fthlkftmet (Ta)X£L+)(kaaTa)a

E - S ()7 =\pE S o 7=
Tt1s1€1k&mzt = /d?’a/drbxé )*(kbarb)Fhmhk&met (rb7ra)X£L+)(ka7Ta)



with the direct and exchange form factors, [Eq.(15)],

Fltiston, ) = [ diy [ drapB@) Vi) 0P Ve eom,
Ft?51£1k’£tmgt (Fb? Fa) = J / dFlpg (F27 Fé)‘/;?slk(r) [p$,€1 (771’ Fg.)Yk (f)]gtmét

where J is the Jacobian associated with the transformation of the integral variable from 7 to 7,
and 7. (See Section 1.3.)

1.9 Partial wave expansions

We now expand the distorted waves x=, [Eq.(17)], into partial waves. We choose the coordinate
system such that the initial projectile momentum k, points along the z-axis:

() (i vir

Xa (kaara) = T igagaXZa(Ta)naO(fa)
ala ‘a
e 4 ) N * »
4R = 3 Y ()i ()
b

We can rewrite the transition amplitudes, [Eq.(18)], as (See below for the proof.)

' (4m)3%  ptyin ; :
fisi0klimg, = Kok > it T (0,00my, | ey, )O%, 5101kt 000, Yeyma, (Kb)
laly

where the overlap integral O denotes the radial integral, [Eq.(19)], defined by

D D
Otlslélkét,ﬂaéb = deoe / dTaXEb(Ta)ftlslelket(ra)xea (Ta)
E E
O syt kty buty, = J/drb/dTaTbTaXéb(Tb)ftlslzlkét,zaeb(%Ta)Xfa(Ta)

with a help of C.2, and d-factor is defined as
1

d = —

Zaﬁbét \/E

Here we have angular momentum coupling relations,

a7 1 (0,00501€,0)

o + 0y = 0, o+ Uy +4; = even

The factors ffl) s, 01ke, (Ta) and ff s101kr .0, (T Ta) are the radial direct and exchange form factors,
[Eq.(20)], defined by, respectively,

- o o D o
1 Tr/drayftmgt (Ta)Ftlslélthmgt (Ta)

E . N N o X E R
ftlslflkft,eafb (Tb, TCL) = 1 i d?”b dra D/Za (Ta)}/zb (Tb)]Zme Ftlslélk&mg (Tb? Ta)
t t

D
ft181£1k£t (Ta)

Note that the phase factor =7 is rather arbitrary, but makes radial form factor a real quantity.
The phase is chosen such that @ = 0 or 1 depending on whether the parity is changed in the
reaction or not.

10



The proof of the transition amplitudes expressed in terms of radial overlap integrals can obtained
in a straightforward way.

1) Direct part

—

D S (D)% = \pD > >
Ttlslhkftmzt - /draxl() )*(kb’Ta)FtlSlthzmzt(Ta)XELJr)(kaﬂ"a)a

(4m)%% 1o tyin D
= oks Z ¢ / draxe, (Ta)ftlslélkét (Ta)Xe, (Ta)
@ Laly

5[ A5, ) Vi, (Fa)Yig0l7a) % EaYim, ()

(471')3/2 L i
= e i / draxe, (ra) fis, eyt (Ta)xe, (7a)
a La0y

X dg,e,0, (LaOlmg, | ome,) £aYeym,, (kb)
(47)3/2 ~

= Z Z'Kafeb“’ﬂ'éa (eaogbmet ’gtmet )Oi151£1 k@t,fafb)/gbmét (kb)
kokp i

D D
Ot181€1 k’ﬁt,fafb = d‘eaebet / draX&, (Ta)fh s101kl (TQ)XZH. (/ra)
since

1 ~ ~ A A
dy,,0,(Ca0limg, | Cymy,) = Ezaf,feb—l(—)Eaebzt—l(eaoeboyeto)(—)wbegl(eaog,,mwtm)

= doe,0,(La0lymy, | Lymy,)

2) Exchange part

E 7o di T (. 7 ) EE Py T a, T,
Tt151€1k&m£t - /dra/drbxl(’ : (kb’Tb)Ftlslflkftmft(rb’ra)xg—i_)(ka’ra)
47r)3/2 Ry
= U Sty / dradryraroXe, (16) firsy oyke, (Tas ) Xea (7a)
kqoky P

[ A, Go) Y2 () Vi (), V) % ¥ ()

(471')3/2

= J
koky

Z jlatotm / dra,drbrarbx& (rb)ftj?sﬂlkft (T‘“ rb)X@a (Ta)
Lo ly

X (Lo Mo Ly Myl e, )5(€aLa)5(Ma0)3(€y )6 (e, , My) £aY,m,, (ko)

(4m)3% < tutyin i 2
= k k’ Z ? éa (eaozbmﬁt |€tmét)0t1 s101klt Lo Ly bemzt (kb)
avb Eaeb

E FE
Ot151€1k€t,£a€b = J/drb/dTaTbTaXKb(Tb)ftlslelket,eaeb(rb»Ta)Xza(Ta)

Thus the transition amplitudes of [Eq.(18)] and [Eq.(19)] should be modified in this way, namely,
(La08my, |6ymy,) to (£,08pmy, |€imy,) in [Eq.(18)] and dg,0.0, O dg 0,0, in [Eq.(19a)]. In fact, it
does not make any change in the direct part as you see above, but does make a difference in the
exchange part obviously.

11



1.10 Differential cross section

The differential cross section, [Eq.(21)], is given by

do Halb kb Jtstv1 2
dQ  (2ah%)2 ke (214 + 1 (254 + 1 ‘Zl:k%l ot Thseaktim,|

where piq(pp) is the reduced mass in the incident (exit) channel and i is ¢ = D for direct
transitions and ¢ = E for exchange transitions.

We finally summarize the above differential cross sections combining radial form factors in
Section 2. The atitlz re, coefficients and the transition amplitudes are

aiiii’éut = Wisilysily; jik)s; it < bH[CTC]sltﬁ/lHa >
3
tilslflkftmet = (4;:)%: Zz[: it ATy (g Oetmft|£bm£t)Otlslﬁkft,fafbnbmet (ks)
b

where the direct overlap integrals are

Of sitahttat, = deatit, /dTaXeb (ra) [ sy 0wt (ra) xe, (a)

Foania(ra) = T [ 2ArVE (o) [ rdripRags, (ras )R, (1)
pllg,kﬁtfl (Ta, 1, T) = 2]%75 Z ét (£t0€1m|km) / pg’k(’l“a, 1, My T)Ykm(eév O)}/ij(ev O)d/‘

1
pre(r) = X(6 3 by Jh,€181jt) < Ipllal,, a;, 15114 > VArdg,e,e Re, (r1)Re, (1)

and the exchange overlap integrals are

Of ovktrtnt, = J/drb/drarbrax&(rb)frfslélkét,fbﬁa(rbvra)Xfa (Ta)
(2k +1)! 1/2 A A
FE okt (o) = JAmmE > ] 1285, 4n ke (—1a) e (1)
1s101kLly 0y SwAr (2 + D22 + 1)!
X X (LaXala, LaNol; C1kl)dpyx,eadegaye, Crysitik tats(ThsTa)
2T A A
Ctusitiklats(Th:7a) = == > La(lame, Lg01lime,) Y L(L0Nmy, [C1my, )
1 myy 12N
[ G301 Vs, 007, 610)
1 JN
Glanonmr) = ——r VE (1) D7 (9) A1 A2 (MOA0[A0)W (A Ao l1£; ML)
Vam A hole

X /T%dﬁpgmzc(rln L) PT e (71, T)

/pP/\QEK (Tbarlnu’a )Y)\gm<627 )}/g m(e O)d

PBagee, Ty, 71,7) =
2 m

Boe ) = X TX (G b s i) < Tl 55, Ll > By, (1)
ph,m

X ( )1 03 L ey (£0m101£,0) W (£emi £18n; €pA1)

2771 7;10)\1m1|€hm1 /Rgh 7’1 }/ghml (9 O)Y/\1m1 (0/ O)d
h mi
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2 Form Factors

2.1 Direct form factor

In Section I-10, the radial direct form factor gives an 8-dimensional integral, [Eq.(22)],

s tra) = i [ iy [dis [ 4V, GoR )V DR, ()],

1) Projectile density

- =

We transform pZ (%) into a function of (7,7, 7,), as shown in Fig.3,

pR) = pB(T) = PR LT

where 7 =7, + T, 7 =

=
3

1~ Ta-

The first step. [pB(72) = pR(7,7), where pB(73) is assumed to be a scalar function of r9.]
(See Fig.3.)

pp(ra) = > ppay(rh ) (=) [YaYa,loo [Eq.(23)]
A2

1
PIID),AQ (rh,r) = ﬁ/ ) pIQ’)\Q(r’Q, 7, 1) Ya0(0,0)dp, [Eq.(25)]
r2 = () 4+ 2hru p=cosh =7 -7

See A-5 for the proof. The SUBROUTINE PDENST(0) calculates p?/b (rh,r) and stores as
RHOD(7%, 7, A2).

The second step. [p]Q’)\Q (15, 1) Yo e (75) = pgw\l (Tay 1, 7)Y, my (Fa)Yem (71)] (See Fig.4.)

PP (T ) Yagpus (75) = v47TZﬂ?,AQeeq(?“a,Tw)[Ye(fa)qu(fl)hm [Eq.(24)]

Pzg,xgezq(ravrlﬂ") = /PP,\QM (ray 71, 11, 7)Yaom (05, 0)Y7: (0, 0)dp

2 m
(r)? = 13402 —2rirau p=cosh =i, -7,
W =cost =i, 7h= Tip /_La [Eq.(26)]
2
See Appendix C.2 for the proof.
2) Angular integrations
ft181é1k‘ét ra = _W/dra/drl/dr }/étm[ Ta ZpPAQ T?’ )>\2 [Y)\QY)Q]OO
A2

X Virak(DYR()oT 6, (F))eim,

Now we have relations

Yo YVagJoo = D (Aapada, —p2l00)Yy, . (7) Yagu, (7)

H2

= (A Y (7)Y (7)

w2

13



pg,)@ (Té’ T)YAQ,LQ (f/Q) = Vdr Z p}lg,)\ﬂéq (Tlh T1, T) [}/ﬂ (fa)nq (fl)b\ﬂtz

1

P?,zlmgl (r1) = EP?A (Tl)Yelmgl (1)

Ye(#)pTes Fleeme, = xlﬁpﬁel(ﬁ)Z(kqﬁlmel|5tmet)Y§q(f)Y21mel(fl)

41 gz,

Thus the radial form factor, [Eq.(27)], becomes

D — 2 D 2 D D
ft181£1k€t(ra) = 1 71-\/T drmlslk‘(r)/TldrlZPP,)\Qeéq(Ttﬂrlﬂr)pT,fl (Tl)

o,

s 1
X Z Az ( /\QAZ_IE\/ A (kqlimyg, [€ymy, ) (£,00m|Aam)

all m
/dTa Ygtmz Yém Ta /d?” qu )Yh,uz /drl YZ O(Tl)Yflmzl( )
= [PV [ ridr B (e reRe, ()
X Z )\2_ (kqﬁlmgl\Etmgt)(ﬁlmglﬁtmm/\g,ug)

qmey

- i_”(*)glffl/TZd’"Vtﬂlk(T)/T%drlplgketh(”’“’T)p%fl (r1)

where we use ({ymyg, limy, |Aa2p2) = (— )elj\QZ ()qugélmgl |¢ymy,). Note that the angular integra-
tions give Ao = k,¢ = {;,¢, = {1 and also El +k= Et

We now summarize the radial direct form factors as

ot (ra) = G [ 2arViE ) [ rRdripBass, (o pRe ()
2 - .
PPrenty (TasT1,7) = ]%2Zﬁt(ﬁtoglm’k’m)/ng("”a,ﬁ,u,r)ykmw/w0)Yelm(970)du
1
pre () = Xt 3p thg thflsljt) < I||[a} Q5,5 51 1a > VATdg, 0,0 Re, (1) Ry, (r1)

14



2.2 Exchange form factor

In Section 1.10, the radial exchange form factor gives an 7-dimensional integral, [Eq.(28)],

s rora) = i [ [ diy [ diy Y, G) Ve (0l
< pp (P P)Via k(M) 0F o, (P, T Ye (),
1) Projectile density

We first expand the projectile scalar density function p&(7%, 7%) in the multipoles (See Appendix
C.2.) in order to have a function of (7, 7%) as seen Fig.5,

pp(Fa, ) = Y [dey(75)dg, (F2)]oo

Lo
= Z (52771242, —ma |00)w52 (7‘/2)1/527712 (’ﬁé)wfz (7‘2)}/527712 (f2)

Lama

= Zéglwb(ré)y&nw )V4 Z 772 YAz( )]bmz

lomo )\2772

2m R *
X gy S a(mOAamltam) [ (1) Vi (6.0) i (0, 0)dn

2 N2 o2 / _ S
(ro) = (r)°+r°—=2r5ru  pw=cosf =71y,
/
'ICOSQ’:'F-@ZLM—FT
T2

The spherical harmonics can be coupled,

Y's = Z 1/ﬁgmz (,,qé)[ym (TQ)Y)Q( )]fzmz

Lama,Aana

= Z (772V2>‘2:U*2|€2m2)yf2m2 (fé)Ysz (TA,IQ)Y)\zuz (f)

Loma,Aapan2vs

= Z(ﬁzvﬂwzlfzmﬂz fai (20€20|>\10)(772V2f2m2|>\1M1)YA1u1(flz)YAm(f)
l

A4
é A~
= Y P (1020]a0) (—) Ra[Yay (7) Vi, (P)]ood (As, Ao)
Ladam2 A2 VAT
XY (movalama|Aap) (n2valama| A, p1)d(u, —pi2)
mava

We finally obtain the nonlocal projectile density, [Eq.(30a)][Eq.(31a)],

pp (T2, T5) = > phay (1, 1) (=) 2 [Yay (75) Ya, (F)]oo
A2
PEA (15 m) = 3 Laipwe, (rh)(120X20[620)
Lamg
2

S S a(ma0amltam) [ i (72)Yiam (6, 0)Yiin (¢, 0)d

This pg,, (5, 7) is stored as RHOE(N2P,NH,LAM2P1) in the SUBROUTINE PDENST(1).

We have done the first step in the change of coordinates, p5 (7, %) — pB (7%, 7) — pB (7, 71, 7),
and now do the second step. This can be written in exactly the same way as done in the direct

15



case. (See Fig.6.)

pE(Fa, ) = D B, (rh, 1) (=) 2 [V, (75) Yay (P)]oo
A2
- Z pg,Ag (T’é, T)Y/\2M2 (WQ)/\2_1Y>\2M2 (7%)
A2
p}E—",Ag (T/27 T)YMMQ (’f’é) = Vir Z pIED,)\géfq (rb’ 1, T) D/ém (fb)}/ﬂqmq (fl)hﬂm [Eq(32)]
PBAsee, (ToT1,T) = /pP)\QM (1, 71, 12, 7)Y (05, 0) Y7, (6, 0)dps
2 m
()% = rP4rf—2mmu p=cosh =7y -,
W =cos® =py-rh = nE—" /_ i
Ty
2) Target density
The exchange target non-local density becomes (See Section 1.5.)
. 1
p%ﬂlmgl (7“1,7’_11) = ZX p2]p7£h ]haglsljt) < IBH[ s ]hl’h]thIA > [¢£ (Tl)qbgh( )]E1m41

ph

1 1
= > X( bo o thiydni Gr51]t) < Iglllal,,, a; s, il 14 >
ph
iRy (1) Re, () (Complh, —mn) Cimey ) Yo m, (71) Y5, _pn, (71)

We now change coordinates such that pZ (7, 7)) — p% (71, 7) (See Fig. 7.) and we have

Rﬁh (ri)nz,—mh ('fjl) = Vdr Z Rfm]l)\l (Tl’ T)[Ym Y)\1]fhmh

N1A1
= VAT Y Rypnon (r1,7) > (mvadapm | €nmn) Yo, (71) Yy, (7)
mA1 vipl
27
Ry, pin, (r1,7) = 20, + 1 2771 (mOX My |[€pmy) /Réh (r1)Yem, (6, O)Y)\lml(el 0)dy/
(r)? = (r)*+r*+2rrp  p=cosf =7 -,

N T AT
p =cost =7 - =

/
51

Yﬁpmp(fl)ymm(fl) = Z p771 507710|€ 0)( pmpanlwcmC)YZcmc(ﬁ)

Yo,me (P1) Y (F) = Z(f chlﬂl\flml)[Yec(ﬁ)YAl()]elml

l1mq

Combining CG’s gives

l Uil
Geometry = 4r—2 £,0m0]€.0
y Vv \/Eﬁc( mO0[£:0)

Z (zpmpéhv —mp[limy, ) (mvi A [€pmy,) (épmpnl vi[leme) (LemeArpir [€1my)

all m

= (=)™ Lein (£:0m01€,0) W (Lemlrlh; Lo)i)

16



Finally we obtain the non-local target density, [Eq.(30b)] and [Eq.(31b)],

L = E
pT,flmgl (Tl?f'i) = ZPT,Zl)\lfc(T17 )[nc(rl)y)\l( )][1m21
Ale
- 1
Borrr) = O TX Wy s i) < Tl a5, Ll > e, ()
ph,m

X (=) L Leiy (00m101€,0) W (Lembrlrs Eph)

2w
< S Zm (MmO mallrma) / R, (r) ey, (0, 0) Y7 (6, 0)dyt

The last line is defined as GWT(N1,NH,NGW) (NGW=A;,7;) in the SUBROUTINE DENST.
The term pﬁ)\lgc(rl,r) is stored as TRHO(N1,NH,KB) (KB=(t1s1¢1), A1, ¢.) in the SUBROU-
TINE TRECAL.

3) Angular integration of 7

We define Ctys1limy, (75, 7), [Eq.(29)], a

S L ki E . E -
Ctlslelmzl(r(NT) = \/T—WT thslk(r)/dTlpP(T%fé)pT,élmgl(Tlvﬁ)

= T_kVt?slk(T)/dﬁ Y PBasee, (o1 ) Ye(F) Yo, (P1)] ropss
Aopzlly

X 5‘2_1Y>\2u2(7§) ZP%)\IZC(TM )[ch(rl)YAl( )hlmel
AMle

= rmVEL Y /dfl (AI) /T%dﬁpﬁxgeeq(m7"1,7“)P:]%,elxlzc(7“1,"”)
Aopiallghle

S [ A0 = 3 [ d WlYe (0 s Vi O 5V Pl

_ / din Ay (Emlymi, PNotiz) Vi (74) Yeym, (1)

me, mmcm 12

(LemeAp |1, ) Yo me (F1) Yy g (F) Yagps (7)
= N> (Equmﬁq\Azuz)(ﬁcmcMMlWlmel)/dfl Yo my, (71)Ye.m, (F1)

Mgy MM 1 2

A .
Z ! 2 )\10)\20|)\0)()\1H1)\2M2’)\M)YAN( )}/fm(rb)

= Z\ﬁ ) D (Emlemedopz)(Cemeipn |€rmyy )
MMmep1 2

(A1 Az iz | M) (Apelymg, [Lxme, ) [YA(7)Ye, (7o)]eym,,

A1A2
= ZA: \/E(MO)QOP\O)( )W (M A2lals Me) YA (P) Y, (7)) eymy,
Note that this angular integration gives ¢, = £.. We thus obtain [Eq.(33a)] and [Eq.(33b)],
Covsitime, (o T) = D0 G0y on (15 7) VAP Ye(P) ] eyim,
5
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1 A
Gf181€1f/\(rbvr) = \/ET km?slk(r) Z (—)ep)\1)\2()\10)\20’)\0)1/‘/()\1)\2615; )‘EC)

A1 A2l

2 E E
X / TIAr1PB xp00, (Ths 71, 7) T 0y 0y 2, (715 7)

The radial integration in the above equation is stored as QA(KC,NH) (KC=X;\2ll.), and G
factor as GGRI(KA,NH,NLS) (KA=/)X) in the SUBROUTINE FFCALE.

4) Integrand of 7, and 7y

- =

We are now ready to transform Clisilimy, (7%, 7) to Ctys101my, (T, 7a),

Ctlsﬂlmgl (Fvaa) = ZCt181€1kla4g(7“bvTa)[Yéa(fa)YZ@(fb)]hmel
lalg

where the expansion coefficient is calculated as (See Fig. 8.)

27 A R
Ctysilik,laty (T Ta) = = > lg(Lame, Lg0limg, ) > E(L0XMy, [€rmy,)
L me X
X / d'UG?}fclsﬂlf)\ (rb, T)Y)\mgl (0/, W)nzmzl (9, 0)
(r/a)® = 124712 —2ryrepn  p=cosf =iy -1,
,u’zcose’:fb.f:w
r/a

We note that ¢; should be read to £; in the equation for ¢y s,¢,,0,05(75;7a), [Eq.(35)].

5) Angular integrations of 7%, and 7},

We now end up to obtain exchange form factors by integrating 7, and 7%,

ft]fslélkét,ébfa(rbara) = ']Iliﬂ/d'f,a/dﬁb/d,’_"l [na(,ﬁa)nb(fb)]zmgt
x pp (P, ) Vi i (1) 0Ty (P, P Vi (P) ey,

— / ds / iy Y, (7a)Ye, (7)), S (Crme kgl Ceme, ) Yig(7)

me, q
X VAT ST s k0nts (T Ta) (Yoo (Fa) Yo, (75)]eymy
B B 1
lats

_ k (2k +1)! 1/2 o Vo
— ']4”7”“A,g;gﬁu2Aa+*0K2Ab+l)ﬂ Ot rpk (—7a)™ (10)

< [ dia [ divlo (Yo, o)y Ve, o) Vo o), 3 (v, gl

meq

x [Ye, (fa)yf@ (fb)]ﬁlmzl Ctisilak,lalp (T5,7a)
where the integrand of angular integrations becomes
(AD) = [Ya, (7)Y, (i)t Ve, (Fa) Yo, (50) iy (Yo, (Fo) Yoy () eam,
= > Aattaopnlkq) (barme, Lam, [, ) (Lamng, Ly, | €imy,)

all m
X Yoomy, (Pa)Yrapa (fa)YZ;mga (fa)Yfgmeﬂ (Fb) Yo, (fb)n:mzb (7p)
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and the integration over dr, and dfy, and summing over my, q gives,

> / diq / diy (AL) = Y (Aaptadopis|kq) (bamy, Lamy, [0rme, ) (Camg, Lym, |Gmy, )

me g all m
X (brme, kqllimy, ) (Camg, Aaftallamne, ) (€ame; Appip|Come, )
X dpgratadogryt,
= X(larala, aply; Lrkle)dp,ng0, desn e,
We finally obtain [Eq.(36)],

Oratape (—Ta) e ()™

(2k +1)! 1/2
s (ro,ma) = J 4w mg [ ]
t1s1l1kly byl )\a/%;a@ﬁ (2 + DI(2Ap + 1)!

X X (LaXala, LaNoly; L1kle)dponaeadegayty Ctositik,batls(Ths Ta)

For the central interaction (k = 0), ffsmoel 0l (1,74) is just nothing but ¢, s,¢,0.0.¢,(76,7a),
since for k =0, A\, = Ay =0, and

1 7 1 1
d = ——2(0,000/4,) = —6 d =—94
00004 o €a< [a) o Otat 50t = =00t
l, 0 4, o ly Uy O
X (£a004, L5005 0106,) = U | Ly 0 £y | =0lolp(—)U| & Lz 0
gl 0 Et Zt fl 0
= Dl ly (=) (=)ol YW (Lol byl 55 04y)
(ol

—_—
S]
>
=
~—
Q
—
~—
~
o+
|
~
Q
|
~
o
—~
SN—
|
~
o+
+
~
Q
+
~
o
>
Sl
—_
>
S
—

where 0 = £y + 0y + Lo + £g + {1 + {1 = even.

We now summarize the radial exchange form factors as

(2k +1)! 1/2 Xa (0 AN
I Lo, ra) = J 4w m [ 750t ap ke (—1a) (1)
t1s101kle 0yl )\a)%;afﬂ (2)\(1 + 1)!(2)\{; + 1)! A
X X (LaXala, LaNol; C1kl)dpyx e, degaye, Ctysitik tats(ThsTa)
2 n .
Ct181@1k,5a€5(rbara> = ﬁ Zeﬁ(gamflgﬁowlmfl)ZE(KO)‘m&Mlmﬁ)
1 my, 12}
$ [ Gl yr (o) Yo, (8 1Y, (6,0)
1 N
Glanonm,r) = ——r " VE (1) D7 (=) A1 A2 (AM0A0[A0) W (A Agl1£; ALe)
Van A hale
X /T%dTlszD,,\guc(Tba 1, T)P%elxlzc (r1,7)
27 . N
PBagee, (Tp,71,7) = ;\2Ze(fogcm\)am)/Pg,AQZeC(Tba7’17%T’)YAzm(eéaO)ncm(QaO)dM
2 m
. o 1. 1. . At
P%el,\lzc(rlar) = Z it X(€p§jp,€h53h;£151]t) <IB’|[a;pypathh]jt||IA > Ry, (1)
Ph»nl

X (=)™ ChLein (€:0m10[€,0) W (Lenililps o))

27 . "
X EQ2771(7710)‘1m1’£hm1>/th(rll)yfhml(eﬁO)Y)\lml(elao)dﬂl

h mi1
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3 Limiting Cases

3.1 Nucleon-nucleus scattering

1) Direct form factor

For the nucleon-nucleus scattering, we adopt the following limits for the direct form factor

IOP(F2) = ZPP)\Q 7"2, [Y)\2Y>\2]
PPy (T9,7) = )\2(—)M5(7“2 —r)/r’
The direct form factor of Section 1.9 gives [Eq.(38a)],
Fltistim, 0) = [ di [ drapB@)VE k) 080, (Ve eom,

= [ ais [ drs@VE OB, Ve,

= /d?’_‘)l‘/yljﬂk(r) [pgél (Fl)yk(f)]ftmzt

The radial direct form factor from Section 2.1 gives

D .— l1p—1 2 D 2 D D
ft15141/€ft(ra) = 1 ﬂ—(_) 1€t /T dr‘/;1s1k(r)/rldrlpp,k€t€1 ('I“a,T‘l,’I“)pT’él(Tl)

See Fig. 9 for the breakup of 7% into 7; and 7,. The integration over dry becomes
D 2 D D
Qtlslflk‘ft (TC’J T) = / rl drlpp,kjft£1 (r(l? Tl? T)pT fl (Tl)

= /7’1037”1@/7”1 (11) = th (001 km) pp rp,e, (T, 7) Yiem (05, 0) Y7, (6, 0)

()2 = 12 42— 2rrap,
2 2 ()2 ! dr!
[L=cos = fa.fj:w’ du:_w (dp — dry)
2117, T1Ta
2 2 2
Tg — T Tg — T T re—r ridr
[ =costy = i) = a ll’u: a 1B a T 1,du':— 1 1(d7‘1—>d,ul)
Ty r 2rr, T,

Thus, we have

rhdr! 2m
Qt[fslflkft(ra’r) = /r%drl /(_ = 2)p7[27€1(7a1)?

T1Ta

B0t mlkm)i(—F 22y oy (s

X Z t( +0 1m| m) ( ) r2 km( 270) Zlm( 70)
27

= /TldrlpTél(Tl)kQ

-1

T1TrqT

XY ba(00mlkm)k(—)(

2
= /(—Tlrar)d/ﬁ/ﬂ:%el(ﬁ)m

X Zét ft0€1m|km)k(—)k(

Yiem (05, 0)Y;5. (6,0
Wi (85, 0¥, (6,0)

= 72& )% (£:0km|0ym) (— /du pTgl(Tl)Ykm(QQ,())nlm(g 0)
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We finally obtain the direct form factor,

I ke (ra) = i ()i ST (0,0kmleym)

X /T‘QdT‘V;?Slk(T‘)/dﬁé,p%gl(rl)ykm(eévO)Hjm(eﬁo)

comparing that for the composite particle,

fEere(ra) = i_ﬂ(—)glét_l/TQdTVt?slk("”)/T%drlpgkael(rm?‘hT)szj,el (1)
27 - N
Pzg,kml P2 Zﬁt(gtoglmmm)/P}Q,ketel(%aTl,MaT)Ykm(eéa0)Yelm(970)d/~‘

Another way to calculate is that

[aroR@pf) — [ dinpR)o)

where we use 7, = 7} — 7}, + 7. Therefore Qt[f s 01k, (Ta, 7) is nothing but the multipole expansion
coefficients of pZ (7, — 7)

P%elmgl (Fa=7) = > pPeea(ram) Ve, (PFa)YA(P)]eymy,
%)
= > Qb skt (Tas ) Ve, (Fa) Ya (P)] 1y,
o
2 A "
Qf syvke, (TasT) = 7 th(—)et(gt()kmwlm)(—)k/dl/PlTj,el(Tl)Ykm(9/270)Yelm(970)
1 m

It agrees with the above limiting form factor.

We now summarize the radial direct form factors as

D -— l1p—1 2 D D
FPaera(ra) = T [PV Qe ()

2T
QtD181£1k’£t (Ta,’l") = /r%drlpiD“,él (Tl)ﬁ
R N -1 "
X Z&(&O&mlkm)k(—)k(m r)ykm(eg,omlm(e,o)
m a
Bw=cosf = 77’2—1—7’%—7'2’ M/ECOSHé = 77"2—1—7“2—7”%
27Ty 2rry

The above equation is what we calculated in the computer program, i.e., the second step for
D
Qtlslllkft (T'a, T) .
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2) Exchange form factor

We adopt the following limits for the exchange form factor
pp(ia,Ty) = 0(7)
PP (rh,r) = Ao(=)28(rh — 1) /r?
The exchange form factor of Section 1.9 gives [Eq.(38b)],

E - . E E (= .
Ftlslflkftmgt (T'b,Ta) = J/drlpP(T27%)mlslk(r)[p’f,fl (Tl’f.’l)Yk(T)]Etmlt

= 7 [ RS EVE ) P, (o Ve e

J VE k(P)0F 0, (P = 7 7) Yi () |y,

Here remembering that

— — —

— — —
o =Ty —Tp+T, =T+

—
!

(See Fig.2.), we use in this limit,

N — — —
=Ty — T, Ty — Th —

—

4+ 7 =17

!

We now calculate the projectile density for the radial exchange form factor from Section 2.2
gives

2 A
pg,)\gﬂc (Tlﬂ 1, T) = ? Z E(EOECmP‘Qm) /pg,)\gﬂq (Tba T, W, T)Y)\zm(eéa O)YZZm(Q? O)d:u
2 m
where the separation procedure can be seen in Fig.9,
(r5)? = 1% +ri = 2rrep,

2 2 ()2 ! dr!

p=cosf = -7 = Ty i = ) (r3) , dp= _ 24

2riry T1Th

W =cosl = 7p-ih= i 7,741” TNk _ rp - T%, dy' = _ndn
Ty r 2rry T
PP () = Aa(=)28(ry —r)/r”
Putting them together and performing the integration over du give
E 27T N i\ )\2 1 / *
PBagee, (Mo 71,7) = 55 > L(0Lem|dam) Ao (=) (— )Y (1) Yo (1)
)\2 ooy r17ryT
, ry—rip rE4rt—r}
H = =
T 2rry,
. 7‘% + 7‘% —r?
S
Ty

Another way to calculate is that

G GRAT CNANE RV ACRANGY

= pp(f — 7P +7)
- p%(_’b_ _‘7 _‘b)



—

where we use 7, = 7 — 7 + 7, and 7] = 71 + 7 = 7. Our goal is to obtain G-factor in (rp, ) like

k —ky,E FE
Gt181€1€z\(rb7 T) = T V;flslk(r)pT,Zlfk(rb? T)

where p%(rp,7) is nothing but the multipole expansion coefficients of p% (7, — 7, 7%), namely the
particle state wave function Ry, (r1) that depends on (71 = 7 — ) must be expanded.

E S L E N N
PT tymg, (To = T5Tp) = ZPT,elm(TbaT)[W(Tb)YA(T)]elmel

11 o
= Zh:X bogdps g dni L1s1e) < Igll(al ,, a;5, 15l Ta > (e, (7 )65, (7)]esm,
p

1 1
= Z};X bog i thydns Gr51]t) < Igllla} ,, ;5,114 >
p

i T Ry (1) Re, (1) (Cpmipln, —mpl€im, ) Yeym, (PG o, (75)

We now have

Ry, (r1)Ye, m, (1) = Vdm Z Ro,on(ro,7) > (Al €pmy) Yo (7)Y (7)
i
o

Rem(r0.7) = 57 Hznnmmwpm ) [ ey (71)Ye,m(6,0)5,,(0', 0)dd

(u=-cosf =7y -7y, ' =cost =, 7)
(rf=rf4+r%=2rprp!, p=(ry—ryp)/r)

" . . 0
Yy o (Fo) Yo (7)) = Z ’”7 = (LOnIL0) Cyrmaanw | m) i (72)

Yo (Fo)Yau(?) = Z(fmAMWlml)[Yz(fb)YA(f)]zlml
l1mq
Combining CG’s gives

L)
Geometry = V4w =
Y ATl

Z (Lymplymp [ limyg, ) (nuAp|bymy) (Cympny [m) (EmAp|limy)

all m

= (=)=l ()07 (17000€4,0) W (101 ly; £N)

(£,0n0[€0)

Finally we obtain the non-local target density,

PLtrmy, (7o = T375) = ZP%,zlex(rb,T)[W(fb)yx(f)]flmel
P%elz,\(rbﬁ) = Z%ﬁeh "X (4 prgh jh,flsljt) < Ig||[al aj ., @, )51 > R, (16)
ph.n
bpHl—t1 (1} fa ,
x (=)* (=)"p i (n0L0JEL0) W (nllily; L))

o
<o +1Z’7 nOXm|6ym) /Rg 1) Yo, (6, 0) Y5 (8, 0)dyt!
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We now summarize the radial exchange form factors for the nucleon-nucleus scattering as

2k +1)!
(2Xq —f— 1)! (2/\)1, + 1)!]1/25>\a+>\b,k (_ra>/\a (rb))\b

£ k
ft151€1k€t,éb€a(rbara) = Jdr mg, Z [
Aadplalp

X X (LaAala, LaNolo; C1Kkl)de 00 desayty Crisitik tals(Ths Ta)

250|0me, ) Y E(L0NMy, | £y, )
1 myey 2

[ G 07 (0,7 Yo, (870, (6,0)

Ctlslflk,fafg (rbv 7ﬂa)

where GgstM(Tb’ r) can be obtained in two ways, i.e.

k 7k E E
Gt181€1£)\(rb7r) = ‘4181]@‘( )prlf)\(rl” )
pg,fﬂ)\(rbar) = lep—i_éh WX(E ]pagh jhﬂglsljt) < IBH[ ]pup ]hyh]]tHIA > Réh(rb)
phyn

x (=)=t ()10, 07 (n0L0|€,0) W (19001 Ly; L))

o
<o +1Z" nOAm|6,m) /Rg 1) Yo, m (6, 0) Y5, (8", 0)dpd!

or

1 .
G oo m) = mfkvtﬂlk(r) 37 (=) A A2 (AM10A20[A0) W (A Ao 1 £ AL, )
A2l

X /T%drlﬂzEﬂ,Meec(?”b, LT A, (11, T)

27 - N
pIE:',)\QMC (Tbv 1, T) = ﬁ Z E(EOECmP‘Qm) /p}ED,)QMC (Tbv 1, K, T)YAQWL(G/% Onfécm (07 O)du
2 m

rAri-rt i

2riry a r

Boe ) = TN b sai) < Il 5] 1T > Ry (r1)
ph,m

X (_)nléhécﬁl(g 01101€,0) W (€enilrly; €pA1)
“ 72771 O |[€pm) / Ro, () Yapm (6, 0) Y55 (6, 0)dp!

h mi

In the computer program, we choose the latter one.
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3.2 Exchange form factor in the no-recoil approximation

The no-recoil approximation was originally invented to simplify the cross section calculations for
heavy-ion induced one and two nucleon transfer reactions.” The essence of the approximation is
to ignore the recoil momentum the target receives in the transfer process. In the same spirit we

neglect here the recoil momenta which projectile and target pick up in the knock-on exchange
process.

Formally this approximation is obtained by replacing Xng) (Ea, 7a) in [Eq.(15)] through Xff) (Ea, Th)s
i.e., ignoring the difference between the vectors 7, and 7. The exchange transition amplitude,
[Eq.(14)], becomes [Eq.(40)],

E,NR _ L (9)%/7 =\mENR N (T =
T;f1s1£1k6tmgt = /dTbXb (kb7rb)Ft151€1kétmgt(Tb) o (Ka,Tb)
E,NR — _ -1 > nFE S
By st ktmy, () = J /dr F ot ktmy, (Th: T)

= /dF/ drypp (72, 7o) Vs, k() [PT.0, (71, 7)Y (Pt

This has a similar structure as [Eq.(14)] for the direct amplitude,

Flotiston, ) = [ dis [ dispB VP s () 0B, (7)Y Pl

We now try to obtain the no-recoil radial exchange form factor defined as usual, (We ignore the
superscript " E”.)

NR — —1¢NR AN - — rF
Fertktome, (T0) = I fiisieine, (76) Yoy, (7)17 :/dr ftrsienke, (Th)

Remembering that

St rvsra) = 3 [ i [ diy [ di 5, Go) YV G,

X pp (T, T Vi k(M) PF o, (71, 7)) Yi(P) ey,
L I L B L
Ct181€1mz1(rb77:> = ET kvt?&k(r)/drlpIEJ(r%le)p%Zlmgl(71177:{1)
= Z Z.ﬂGllfg151£1éb>\(Tb’ T) [Y)\(f.)n(f.b)]zlmél
179N
1 _ PN
waﬂﬂ)\(rhr) = \/477' kV;1ES1k(T) Z (_)g)‘l)‘z()‘10)‘20|>‘0)W()‘1>‘2£1€7AEC)
a A Aale

X /T%drlﬂg,xzzec (ry, 71, 7)PT oy ap0, (T1,7)

we now calculate

FYE e, (7)) = V47T/d"7 Z(kqelm&wtm&)rkykq(f)ZGflslzlex("“baT)[YA(f)Yf(fb)]flmel

9,y 129
= Viar)~ / di Yy~ (kqlime, [6eme, ) Yig(F)Yu (P) (Apelmg | ymmgy ) Yoy m,, (75)
£b>\ q,MmMey

/dT LA Ny
= VIR D Yo, (5) [ dr G, ()

Nk r0) = VARG [ dr G )

°G. R. Satchler, ”Direct Nuclear Reactions” (1983), Sec. 6.14, 15.4.3, and 16.5.3.
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where we use

/ A Yieg (F) Y3 () = (=) %65 A0,y
> (=) (kqlime, [eme,) Apbmgltime,) = (=)0,

q,MmMeq

We now summarize the radial exchange form factors in the no-recoil approximation as

ftjyslfelket(%) = V47T(—)kg1ét_l /dT Tk+2Gflslglétk(rbvT)ék,)\éft,f

1 .
G otion (o) = 7= VELE) DT (5) A A2(A10A20{A0) W (A1 Aoly by ALe)
T A1 Aole
X /T%drlpg,,\mec(%TlaT)ﬂ}TE,zl,\léc(Tla7“)
2w A .
PPt (T T1,T) = 5\2Zét(ft()fcmp\zm)/PJED,Azztec(%7“17MW)YAQm(@'g,O)YeCm(@,O)d#
2 m
. o 1. 1. . .
Phone(rir) = Y it X(p5p thgydns Lisiji) < Igl|[a} ,, aj )|l Ta > Re, (1)
ph,m

X (=) Ly Lo (€:0m101€,0) W (Lembrlps £p\)

2w . *
X 5272 Z m (7710)\17”1 ’Ehml) / th (rll)}/fh”n (07 O)YAlml (9/7 O)d:u/

h m1
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3.3 Exchange form factor in the plane wave approximation

In the plane wave approximation, the recoil effect® is described by a recoil factor exp(—ialga -r/a).
A simple reason is that in the plane wave approximation the incoming and outgoing waves are

described by
exp(ik - 7y — ik - 7) = explilka — ky) - 7] exp[—iky - 7/a]

where we use 7, = 7, — 7/a. Obviously —Ea /a is the change of linear momentum between the
exchanged particles.

A possible improvement of the no-recoil approximation is then to replace fN% by the following
fPW that takes into account the recoil factor within the plane wave approximation,

PW " ~1PW N L E L7 o
F sitktymy, (T) = J ft1s1€1k€t(rb>wtmet(rb)lﬂ—:/dr ftysienke, (Tv) exp(—iak, - 7/a)

where a parameter « in the recoil factor is treated as an adjustable parameter. We fit it such
that the resultant approximate cross section reproduces the exact cross section o(E) as closely
as possible. Tt has turned out that a close fit is obtained with o = 1.7

We first introduce the partial expansion of the recoil factor

exp(—iaky - 7/a) = 4m 3 (=) ji, (@kar) Yy, (F) Yoy, (ko)

Lrmyy

= VAr Y b (=) e, (akar /)Y o (7)
lr

where we set Yy . (ko) = £,/\/47 Om,,0. We now calculate
Ft}fmlkét(Fb) = /df ft?slélk&(rb) exp(—iaky - 7/a)

= 47T/d’l? Z (/qulmélwtm(it)Tkqu(f)

q,MmMeq

X Z Ggsﬂlﬁ)\(rb?T)[Yk(f)n(fb)]ﬁlmelET(_Z.)KT].ET (ak‘a"ﬂ/a)yﬁtO(f)
RYA

= A4rm Z Er(—i)ZT/dr " 2GY o oa (e, ) e, (akar /)
YA

S Y, () katumes i) el rme,) [ di¥i ()3 (7)o (7)

Q7mél
= Var Y EAKOAO|G0)(—i) / dr ™"F2GE o (7)o, (akar/a)
I\,
D Yo, (7) (kqlimy, [€imyg, ) (Al €rmy, ) (kgAp|€:0)

a,me,

= VA Y (=) EAKOXO60) 01 W (ENG ke = 016, ) (—)F T =5 (0myt,01€4my,)
2N/

Yoy (7o) [ dr 142G, 70,7V, (har )

= VA Y i T RA(KONO|,0)01 6 W (ENG K = £16,) (=) FTOE (0my, £,0(6my,)
I\

Vg, (7) [ dr 792G, x 10,7, (i fa)

ST.Tamura, Phys. Rep. 14C, 59 (1974), Section 4.4.
"B. T. Kim, D. P. Knobles, S. A. Stotts, and T. Udagawa, Phys. Rev. C61, 044611 (2000).
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where we use

1 nana
EXNCH(RONOJE,-0) (kgAp|€,0)

5

™

[ ai VYo =

S (kqlimy, [Gme,) (MlmolCime, ) (kghpul6,0) = EL6W (EXGE < 010.) (=) P75 (myl, 0] ¢,my, )

q,me,

We see that this form factor goes back to no-recoil form factor by setting ¢, = 0. Reminding
that jo(z) — 1 as ¢ — 0, we have

FEW e () = VAT Y™ EA(KOX0J00) 2y W (€L = £10)(—)F =5 (£ymy, 00(€my,)
5N

inggme(fb)/dr rk+2G,’flSl€10\(rb,r)jo(akar/a)
= VArY TR (<) (<) T AT G, (=) T Y, (7)

12N
/dr Tk+2@flsle1z,\(7“ba r)
= VIR G Y 0) [ dr 152Gk (7)

NR -
= Ftlslzlkft (Tb)

We now summarize the radial exchange form factors in the plane wave approximation as
FEW ke (re) = VAT Y i T RA(KOXO[E,0)01 6, W (ENGK - £4,)
AL,
X (O g 6,01, [ dr 752G, g0, (b f)
1

waﬂl@\(rva) = \/Tfﬂ_rikv;}fﬂk(r) Z (_)65‘15‘2()‘10)‘20|AO)W()‘1A2£1€7AKC)
Aol

X /T%dﬁpg&ezc(m 1) PT A, (11, T)

27 A «
Pg,xzzzc(rbvrlaﬂ = 5\2Zf(fogcmpﬂm)/P}E;,AQMC(%Tl,MaT)YAQm(%aO)YKCm(@aO)du
2 m
. _ 1. 1. ) . R
Ranalnr) = XX g i tisni) < Il s, lulls > B ()
pnr,m

X (=)0 L (£0m101€,0) W (L brly; Lphy)

2w . *
< 2 S anmONma ) [ e, (1) Yoy (0.0, (0, 0)dd

h mi

For a nucleon scattering, the projectile density is just replaced by

2T - “ 1 .
pIEJ,/\QMC(rbv 71, T) - 12 ZE(KOﬂcm‘)\Qm))\Q(—))Q(— )Y)\zm(u/>ncm(//’)
A5 o T1TpT
_ r§+r%—r2 ;o To T TIf
2riry r
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4 Details of Input

4.1 Relativistic kinematics
What we want to do is the Lorentz transformation of Lab system to c.m. system such that
(EO + mr, kO) - (wa 0)

where g — mp = Ejqp, and Eg = m%g + k:%. Note that Ej,;, denotes the kinetic energy of lab
system. Thus we have

(2) = (2 7))

ko

= ————  (Velocity of c.m. wrt lab frame
Bem Tt mr ( y )
y _ 1 _ Ey+mr _ Eo+myp
cm - -
VI=B By +mr)? - i Vs
s = w? = (Bo+mr)* -k

= (Elab—i-mp +mT)2 — (Elab+mp)2 +m%3
= (mp + mT)2 + 2Epymr
Thus the c.m. kinetic energy, E,y,, is simply
Eem = W_(mT+mP):\/§_(mT+mP)

We now obtain the c.m. energy and wave numbers by Lorentz transformation of (Ey, ko),

E v =0 Ey _ 1 [ s m% — mrEy
k e A ko Vs mrko

since

Ey+myp k3
vEo — ko N (Eo Fotmr
1 1
= %KEO +mr)? — ki —mpEy —m3] = ﬁ(s — m2 — mprEp)
Eo + mr Eo]{()
cm 75 0+7 0 \/g ( EO+mT+ 0) \/ng 0

We thus have the wave number and the masses of target and projectile in the c.m. system, as

follows.
2 sz 2 m% 2 2 m% 242 2 m2T 2
kiw = ?ko = T(Eo —mp) = T[(Elab +mp)” —mp] = ?(Elab + 2Ej,ymp)

/ Eo+mp  mp

mT = YemMrT = T \/g

(Ejap +mp + mr)

. k E
mlP = (1 + ﬁOﬂcm)VO’chmP with 50 = FO’ Yo = =0
0 mp
k3 Ey(Eyg+m 1 1
= [+ : oo +mr) _ —[E2 + Eymy + k2] = —=[2E2 + Egmy — m3]

Eo(Eo +mr) Vs Vs Vs

1 1
= —=[2F}, +4Ewmp + mp(mp +mr) + Ejgmr] = —=[mp(mp + mr) + Eapmr]

Vs Vs

with mp >> mp or Ejg.
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4.2 Love-Franey interaction

The Love-and Franey interactions® are defined as

No
Ver) = Y VEY@/R), Y(@)=e"/z
=1

Nrs
VES(r) = Y VM Y(r/Ry),
=1

Nr
VIie) = Y VI Y (r/Ry),
=1

4.3 Spectroscopic amplitudes in the projectile system

We calculate the spectroscopic amplitudes in the projectile system defined as, 57! < b||[cf¢] l|a >,

which appears in the expansion coefficient aii‘;z w, (SUBROUTINE AFACAL), [Eq.(13)],

s1ti

it = W(silysiby; gik) s < bl|[cfe] lla >

sitiv

The Wigner-Eckart theorem states that the the reduced matrix element is defined such that

< SbmbthbHcTC]sltfyl|SamataVa > = 3, (samasimalsymy) (tavat1in [tvp) < b||[cTc]slt1~Vl||a >
[T e = Y (sao18p02]s1m1) (tapirtepialtiin)eh ) Cosu
1. Single nucleon state
The single-nucleon system can be written as
|Samatala > = b, , 0>
We thus have
I = <symptywy|[cicl,, 5, 15amatava >
= > (sao18502|s1m1) (taprtypa|t1in) < Olémbubéglméaaﬁzéinaua’o >
= Y (sao1sp02]s1m1) (tapirtoha|t191) Sy o0 (=) Gy~ Ot pir () Ot

tat+vatti+r1 (

= (=) TMa(sumypsy, —mg|s1my)(—) taVpty, —p2|t, —1v1)

= .§1 '§b_1 (samaslml ‘Sbmb)flfb_l (taljbtl 51 ]tbub)

Comparing this equation with the Wigner-Fckart theorem gives

. 11
11 1 ~ -
s < bllletely e >= 1115 b§Va|t1V1)

2

Note that the spin part of the spectroscopic factor becomes unity for a single nucleon system.

8W. G. Love and M. A. Franey, Phys. Rev. C15 1396 (1977), C24 1073 (1981), C27 438(E) (1983), and C31
488 (1985).
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2. Two-nucleon system

The two-nucleon system can be written as

‘Samataya > = [ T T]SamataVa’() >

&\

We thus have

I = [cTc]81t1~,jl|samata1/a>

1 1 1 1 1,1 1,1
= Z*(*01*02lslml)(*ﬂrmﬁlyl)(*d*U§|8ama)(*ul1*//2\tava)
\/§ 2 2 2 -2 272

AT AT
X Calu1002M2ca1,u1 02M2’0 >

1 1 1 1
(1= ()%t 2(501502|81m1)(—)l/2+02(5, —02§U§|Sama)

N

1 1 1 1 . R
(5 §M2|751V1)(—)1/2+“2(§, —Mzguéltava)cjnmcimm >

J = <sbmbtbl/b|[cTc] |samatale >

s1tivt

= (1= () T

()2

= (1 - (_)5a+ta)(3ama31m1’Sbmb)§1§aW(Sa

1 1 1
0'150'2‘817711)(5,—02§Ué‘sama)(§0’1§Ué|Sbmb)
1 1 1

—pagtaltava) (55 paltovs)
1 11 )
it ls
9719797

i o 1 11
X (tal/atlyl‘tbyb)tltaw(taitlisitb)

1 1
mguz!tm)(g,

K = 574 <b||[clq] la >

1 1 1 5 N 1 11
= (1—(— )s“+t“)s SpW (sq=81=; )(tayatlyl|tbub)taW(ta§t1§;itb)

2719279
= LxM
1 11 1 11

L = (1- (—)S“+t“)§a§bW(sa551§; §sb)fabe(ta§t1§§ Etb)

s1ti1v1 |

= & (tavat1in|tovs)
B (=

= f, ()t ey i (tavaty, —vbltin)

_ ( )t1+u1+ta uat 1(

VAT (tovgty, — v [top)

taValy, 7Vb|t1V1)
The expansion coefficient aii‘;’z; re,» [E£4-(13)], becomes

at S = Wisilesilys jek)d; it < b]|[efd]
= Wi(silysely; jik) x M x L

lla >

81t1~l/1

For deuteron case, where t, = v, = 0 and s, = 1, L becomes

1 1 i 1. 11

11 1
pu— 1 -
\[SbW( 8122 2>(5(t17tb)
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4.4 Charge density distribution

1) Deuteron

a. Hulthen wavefunction

B 1 wu(r)

¢a = T
u(r) = 720[6(@ +5) e O — e hr
) e )

where o' = 4.3 fm, and 3 = 7a.

b. Scattering wave (N. Austern, NP 7, 195 (1958).)

1 .
ba = . sin de™ (cot d sin kr + cos kr — e”™")
,

1 .
= Heus [sin(kr + J) — sinde” "]

where k = \/%‘TE = kunitvVUE = kynigVO.DE.

2) 3He

(C.W. de Jager, H. de Vries and C. de Vries, Atomic data and nuclear data tables, 14 479
(1974), and 36 495 (1987).)

a. Gaussian

z 1 —r? c2(6b* — r?) —r2
polr) = gl Pl z) = —

with @ = 0.675, b = 0.836, ¢ = 0.366 fm.

b. Sum of Gaussian’s
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A Properties of Spherical Harmonics

1) Orthogonality
[ Aty (7)Y, () = (61, £2)3 (1 m2)
2) Conjugation

}/;;n(eﬁ (b) = (—)mYe,—m(Q, d))
3) Parity

Yvﬂm(_f) = }/Zm(ﬂ - 9, T+ ¢) = (_)EYVKW(’F)

4) Relation with Legendre function

4 RO o
Pycost) = W1 ;Yém(T)ng(T’), cos =7 - 7'
20+ 1
Y, = P,
w0(0, 9) o ulcos )
5) Product
Yermy (F)Yeoms (F) =Y deape(Crmabamal0m) Yoy, ()
¢
_ @O0+ 120 +1),, bty
deee = | 20+ 1) ]7/=(£10£20[€0) = \/Eé(&OEQOMO)
! = V2r+1
6) Moshinsky Bracket
[Yv&(fl)}/@z(?ﬁ?)hm = Z (£1m1€2m2‘€m)}/ﬂ1m1(fl)}/ﬁzmz(’ﬁQ)
mima
Yoim, (F1)Yeymy (P2) = > (Crmalomaltm)[Ye, (71) Yz, (72)]em
Im

B Vector Coupling Coefficients

B.1 Clebsch-Gordan coefficients: Coupling of 2 angular momenta

1) Orthonormality

> Gimagamalim)(jimijama|i'm') = 6(j,5)8(m,m")

mims
> (imagameljm)(im) jambljm) = 6(m1, my)6(ma, mb)
im

2) Symmetries
(jimajamelim) = (=) (joamagima|im)
= (=), —mage, —malj, —m) = (j2, —maji, —mulj, —m)
= () Ly mag, —mlje, —ma) = (=YL (g, —maljams)
J2 J2

= (—)jﬁmz%(jy —mjamalji, —m1)

J1
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3) Analytic expression

- IR T TP ey
Grmamalim) %mﬁm¢m )G+ 1 = 32)0 — 1+ 2)!G + G2 — )

(j1+je2+j+1)

x /G +m)G = m)lGr +m)! (G — m)! (G2 +ma) (2 — mo)!
(—)"
) zk:[k!(jl +j2 = J = )1 — m1 = k)!(j2 + ma — k)!
1

X ; . ; ;
GG b ¥ RIG —Jr— o ¥ R

4) Special Values

oo grgn |G g2 = )W+ = 32)!( g2 — ) g'
(j10720]50) (—) J\/ (29 +1)! (g— ) g —70)g —j2)!
for j +ji1 +j2 =29 = even
=0 for j +j1 +jo =29 = odd
(J1m100[jm) = 6(j1,5)0(m1, m)

B.2 Racah coefficients: Coupling of 3 angular momenta

1) Definition

Ji+Jje=1Ji2, Je+jz=1Jaz Ji2+jz3=j1+Juz=J
< j1j2(J12)33 I M|j1, joja(Jaz) J M >= Jio2J23W (j1j2J j3; j12J23)
= Y (jimajomelJiaMio)(JiaMigjsmg|J M)(jamajsms|Jas Mas) (jima JogMas|J M)

mimoms
In W (abcd;ef), (abe)(cde)(acf)(bdf) must satisfy the triangular relation (Ja —b| < c¢ < a+b).
2) Symmetries

W(abed;ef) = Wi(badc;ef) = Wi(cdab;ef) = Wiachd; fe)
= ()W ebefiad) = (=)W (acfd; be)

3) Orthogonality
> W (abed; e f)W (abed; ef') = 5(f, f)/ f?
Z W (abed; ef )W (abled; ef ) = 6(b, 1) /b

Z W (abed; ef W (a'bed; ef') = 6(a, a’)/a?
d
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4) Equality
Z(—)“H’_EéQW(abcd;ef)W(bacd;ef’) = W(aff'b;cd)

Z MW (a/ Abe; ad YW (edde’; €)W (/M fe;ad) = W (abed; ef)W (a'bd d; € f)

A
Y (aabBlee)(ecdd|ey) (b3dd| fo) = éf(acfpley)W (abed;ef)
B
Y ef(aafeley)(bBds|fo)W (abedsef) = (aabBlec)(eedd|cy)

f
3" éf(aabBlec) (cedd|cy)W (abeds ef) = (aarfipler)(cydd]fe)

5) Special values

p=le—1

W (0bed; be) ¢

W(ad'ed;0f) = (=) Tate 1 6(a,a)d(c, )

B.3 X (Fano) coefficients and 9-j (Wigner) symbols: Coupling of 4 angular
momenta

1) Definition

J1+Jje = Ji2, Js+Jja= J34, J1+J3=Jis, J2+ ja = Jo,
Jio+Jzy = Jizt+Ju=J
< j1j2(J12)g3Ja(J34) I M |j1j3(J13)j2da(J2a) JM > = X (jij2J12, j3jad3a; J13J2sa])
o JiJ2 Ji
= Jiodsa13J2uU | g3 Ja J3a
J13 Joa  J

2) Relation with Racah coefficients

a b e
Ul ¢ d ¢ Z W (beef; Aa)W (bef'e’ s \dYW (efe f'5 Ag)
fry A
o = a+b+ct+d+e+e + f+ f+g= integer
3) Symmetries
a b e a ¢ f
Ul ¢ d ¢ = U| b d [ (transposition)
oy e ¢ g
c d ¢ f f g
= (9)U|l a b e |=(=)U]| ¢ d ¢
f g a b e
4) Special values
a b e
Ula b e | =0 (f+f +g= odd)
g
a b e X
Ul ¢ d e | = (-2 f71W (abed; ef)
f 5o
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C Multipole Expansions

C.1 Scalar function of r

We wish to express a scalar function f(r12) in terms of function of 1 and ry, where

— — — 2 2 2
Tlg =T1 — T2, Tiy=7"]+715—2rirau, = cosf

where 6 is the angle between 7 and 75, as shown in Fig.10.

It can simply be done by Legendre expansion,

f(T'lg) = ng(?"l,rg)(Zg-i-l)Pg(COS@)
L

1
fe(r1,me) = ;/1 f(ri2)Pe(cos 0)dp
We now express f(ri2) in the form of
flriz) = > filr1,r2) (=) [YeYeloo
4
1
fi(ri,r2) = V16w3 /4 f(r12)Ye(0,0)dp, = cosf

Proof:

f(T’lg) = fo(Tl,Tg)(2€+1)Pg(COSQ)
L

Y flr )@ D) T S Y (P Y ()
Z m

(20+1)
= D folry,r2)dm (=) 0(tmt, —m|00)[Y¢Y7]oo
l
= Y felry,ro)4m(=) [V, Yeloo
l
Thus we have
fé(7"177"2) = fe(?“1,?”2)47ré
N
= 47Tf§ /71 f(r12)Py(cos 0)dp

1
= 2nl [ )P
-1
= 2nf / 1 F(r12) VATl Y0(0, 0)dp
-1
— V1613 / U (r12)Yio(0.0)di,  QED
-1
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C.2 Vector function of 75

A vector function f(r12)Yem(712) can be expanded

Fr12)Yom(F12) = VAT fore, (r1,72) [V, Yoy lom

{145
1 R . on n
feeye,(r1,7m2) = \/EZ/f(?”lz)Yem(Tu)[YelYeQ]gmdhd?“z

— \/%%LZ//f(HQ)Wm(flz)

X Z (€1m1£2m2|€m)Yglm1 (fl)nzm2(f2)df1df2

mima2

Now we choose 71 || 2, and thus m; = 0 and mg = m. Then we have

. l . .
Yoym, (F1) = Yay0(cos 0) = Wi? Yeyms (F2) = Yoy (0,0), Yo (F12) = Yo (6, 0)

/dfl = A4m, /df2:>27r/du

—

where 6 is the angle between z-axis (7;) and 7 while 6’ the angle between z-axis and 75 as
shown in Fig.11. Then we have

1 1 él *
feene,(r1,72) = %H;/f(mg)}/gm(ﬁ’,()) Eﬁwlo@mwm)‘mykzm(@;0)27”1#
2m p N
= i S h(e0tm]em) / F(r12)Ya (6, 0) Y5 (6, 0)de
where
p=cos, (F1(] k)7 riy =13 4 15 — 2rirou
p = cost = Li; & (1 (]| 7;?) - F12), r3 = ris + 17 + 2r1rap
1

C.3 Solid harmonics

The solid harmonics is defined as
ng(r) = TEYEm(f)

When 7 = s,7, + t47, this solid harmonics can be expressed in terms of 7, and 7} as

20+ 1)! . .
Vindr) = 3 Vil g5, il 28w (s s ¥ 15, ()Y ()

See "M. Moshinsky, NP 13, 104 (1959)” for the proof.
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D Time Reversal State

The time reversal state is defined as
T¢€m = ng;n = (_)eer(z)Z,—m

where 7 is the time reversal operator. The CG coefficient with a time reversal state can be
written

(Elmlfgmglfgn) = (*)E—Fm(flmlggmgw, —m)
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